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ABSTRACT
We investigate self-gravitating clusters of an ideal Bose-Einstein gas with non-
relativistic energy-momentum relation and Fermi-Dirac gas with both relativistic
and nonrelativistic energy-momentum relation. The clusters are subject to New-
tonian gravity and are considered to be at thermal and mechanical equilibrium.
We examine clusters with planar, cylindrical, and spherical symmetry in varying
spatial dimension. By combining the conditions of thermal and mechanical equi-
librium we derive a differential equation for the fugacity, from which we calculate
density profiles. Our work focuses primarily on the acquisition and analysis of
these density profiles, as well as an energetic description of the problem mainly
through the analysis of caloric curves. Comparisons of clusters highlight the effects
and importance of symmetry and spatial dimension.
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In this dissertation we present a statistical modeling for self-gravitating clus-
ters of quantum gases. The clusters are modeled using a mean-field approach,
Newtonian gravity and, where applicable, special relativity. The dissertation can
be broken down into three chapters. In order of appearance, these chapters en-
capsulate our works with Fermi-Dirac, Bose-Einstein, and relativistic Fermi-Dirac
gases. The first two chapters include both finite and zero temperature clusters.
The contents of the third chapter are restricted to clusters at zero temperature
only. In all chapters we evaluate clusters with planar, cylindrical, and spherical
symmetry in order to identify the distinguishing characteristics between clusters
with differing symmetry and the importance of spatial symmetry and dimension
in self-gravitating systems. Three papers, each modeled after a chapter of this
dissertation, are currently being drafted for publication.
1. M. Kirejczyk, G. Müller, and P.-H. Chavanis, Self-gravitating clusters
of Fermi-Dirac gas with planar, cylindrical, and spherical symmetry,
(manuscript in preparation of publication).
2. M. Kirejczyk, G. Müller, and P.-H. Chavanis, Self-gravitating clusters
of Bose-Einstein gas with planar, cylindrical, and spherical symmetry,
(manuscript in preparation of publication).
3. M. Kirejczyk, G. Müller, and P.-H. Chavanis, Self-gravitating clusters of
relativistic Fermi-Dirac gas with planar, cylindrical, and spherical symmetry,
(manuscript in preparation of publication).
iv
TABLE OF CONTENTS
ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii
ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . iii
PREFACE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . v
CHAPTER
1 Self-Gravitating Fermi-Dirac Clusters with Planar, Cylindri-
cal, and Spherical Symmetry . . . . . . . . . . . . . . . . . . . . 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2.1 Thermal equilibrium . . . . . . . . . . . . . . . . . . . . 3
1.2.2 Mechanical equilibrium . . . . . . . . . . . . . . . . . . . 3
1.2.3 Differential equation for fugacity profile . . . . . . . . . . 5
1.2.4 First scaling convention . . . . . . . . . . . . . . . . . . . 6
1.2.5 Second scaling convention . . . . . . . . . . . . . . . . . 10
1.2.6 Third scaling convention . . . . . . . . . . . . . . . . . . 13
1.2.7 Maxwell-Boltzmann limit . . . . . . . . . . . . . . . . . . 15
1.2.8 Free-energy expressions . . . . . . . . . . . . . . . . . . . 16
1.2.9 Gravitational self-energy expressions . . . . . . . . . . . 19
1.3 Density profiles at T = 0 . . . . . . . . . . . . . . . . . . . . . . 31
1.3.1 Dσ = 1, D = 1 . . . . . . . . . . . . . . . . . . . . . . . 32




1.3.3 Dσ = 1, D = 3 . . . . . . . . . . . . . . . . . . . . . . . 34
1.3.4 Dσ = 2, D = 2 . . . . . . . . . . . . . . . . . . . . . . . 36
1.3.5 Dσ = 2, D = 3 . . . . . . . . . . . . . . . . . . . . . . . 36
1.3.6 Dσ = 3, D = 3 . . . . . . . . . . . . . . . . . . . . . . . 37
1.4 Caloric curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
1.4.1 Scales for temperature and energy . . . . . . . . . . . . . 39
1.4.2 Degree of degeneracy . . . . . . . . . . . . . . . . . . . . 40
1.4.3 Dσ = 1, D = 1, 2, 3 . . . . . . . . . . . . . . . . . . . . . 42
1.4.4 Dσ = 2, D = 2, 3 . . . . . . . . . . . . . . . . . . . . . . 49
1.4.5 Dσ = D = 3 . . . . . . . . . . . . . . . . . . . . . . . . . 54
1.5 Density profiles of closed systems at T > 0 . . . . . . . . . . . . 59
1.5.1 Asymptotics of self-confined clusters . . . . . . . . . . . . 60
1.5.2 Planar symmetry: Dσ = 1 . . . . . . . . . . . . . . . . . 61
1.5.3 Cylindrical symmetry: Dσ = 2 . . . . . . . . . . . . . . . 66
1.5.4 Spherical symmetry: Dσ = 3 . . . . . . . . . . . . . . . . 72
List of References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
2 Self-Gravitating Bose-Einstein Clusters with Planar, Cylin-
drical, and Spherical Symmetry . . . . . . . . . . . . . . . . . . 80
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
2.2 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
2.2.1 Thermal equilibrium . . . . . . . . . . . . . . . . . . . . 81
2.2.2 Mechanical equilibrium . . . . . . . . . . . . . . . . . . . 82
2.2.3 Differential equation for fugacity profile . . . . . . . . . . 84
2.2.4 Scaled variables for gaseous phase . . . . . . . . . . . . . 85
Page
vii
2.2.5 Maxwell-Boltzmann limit . . . . . . . . . . . . . . . . . . 87
2.2.6 Free-energy expressions . . . . . . . . . . . . . . . . . . . 89
2.2.7 Asymptotics of self-confined clusters . . . . . . . . . . . . 106
2.2.8 Impact of BEC radius . . . . . . . . . . . . . . . . . . . 108
2.3 BE clusters with planar symmetry . . . . . . . . . . . . . . . . . 112
2.3.1 Planar BE clusters in D = 1 . . . . . . . . . . . . . . . . 114
2.3.2 Planar BE clusters in D = 2 . . . . . . . . . . . . . . . . 119
2.3.3 Planar BE clusters in D = 3 . . . . . . . . . . . . . . . . 124
2.3.4 Salient features of clusters with planar symmetry . . . . 129
2.4 BE clusters with cylindrical symmetry . . . . . . . . . . . . . . 131
2.4.1 Cylindrical BE clusters in D = 2 . . . . . . . . . . . . . . 132
2.4.2 Cylindrical BE clusters in D = 3 . . . . . . . . . . . . . . 148
2.4.3 Salient features of clusters with cylindrical symmetry . . 154
2.5 BE clusters with spherical symmetry . . . . . . . . . . . . . . . 156
2.5.1 Small radius of confinement . . . . . . . . . . . . . . . . 159
2.5.2 Intermediate radius of confinement . . . . . . . . . . . . 166
2.5.3 Large radius of confinement . . . . . . . . . . . . . . . . 170
2.5.4 Caloric curves in comparison . . . . . . . . . . . . . . . . 174
2.5.5 Impact of confinement . . . . . . . . . . . . . . . . . . . 176
List of References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
3 Self-Gravitating Relativistic Fermi-Dirac Clusters with Pla-
nar, Cylindrical, and Spherical Symmetry . . . . . . . . . . . . 182
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
3.2 Relativistic energy-momentum relation . . . . . . . . . . . . . . 183
Page
viii
3.3 Relativistic density profiles at T = 0 . . . . . . . . . . . . . . . . 186
3.3.1 Nonrelativistic limit . . . . . . . . . . . . . . . . . . . . . 190
3.3.2 Ultrarelativistic limit . . . . . . . . . . . . . . . . . . . . 191
3.3.3 Relativistic density profiles in Dσ = 1, D = 1 . . . . . . . 194
3.3.4 Relativistic density profiles in Dσ = 1, D = 2 . . . . . . . 198
3.3.5 Relativistic density profiles in Dσ = 1, D = 3 . . . . . . . 201
3.3.6 Relativistic density profiles in Dσ = 2, D = 2 . . . . . . . 205
3.3.7 Relativistic density profiles in Dσ = 2, D = 3 . . . . . . . 208
3.3.8 Relativistic density profiles in Dσ = 3, D = 3 . . . . . . . 210
3.3.9 Relativistic density profiles in Dσ = 3, D = 4, 5, 6 . . . . 215
List of References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
APPENDIX
A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
A.1 Fermi-Dirac functions . . . . . . . . . . . . . . . . . . . . . . . . 221
A.2 Bose-Einstein functions . . . . . . . . . . . . . . . . . . . . . . . 222
A.3 Relativistic Fermi-Dirac functions . . . . . . . . . . . . . . . . . 223
List of References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224
B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
B.1 Virial theorem generalized to Dσ ≤ D . . . . . . . . . . . . . . . 225
List of References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228
C.1 Energy of n = D/2 polytropes . . . . . . . . . . . . . . . . . . . 228
List of References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
ix
CHAPTER 1
Self-Gravitating Fermi-Dirac Clusters with Planar, Cylindrical, and
Spherical Symmetry
1.1 Introduction
The statistical mechanics of systems with long-range interactions is not a new
area of study [1] but, due to its complexity, remains an active area of research.
There still exists a great deal of interest in systems with long-range interactions,
especially those where gravity plays a fundamental role[2].
The study of self-gravitating systems was pioneered by Antonov [3] who con-
sidered nonrelativistic classical particles. The framework developed by Antonov
[3] was utilized in the study stellar structure [4, 5]. The works of Antonov [3]
were extended by Lynden-Bell and Wood [6] who studied isothermal spheres and
provided physical meaning to much of Antonov’s earlier work. As studies in this
field continued models for stellar structure expanded to include quantum particles
[7].
Systems of self-gravitating bosons have grown in interest in recent history,
particularly in the modeling of theoretical astronomical objects such as boson
stars as well as dark matter models of cold dark matter (CDM), warm dark matter
(WDM), and DM halos. [8, 9, 10]. The study of self-gravitating fermionic matter is
more established than its bosonic counterpart which is in part due to the success in
modeling white dwarf stars and the stellar interior as fermionic matter [5, 11, 12].
In general, we can describe the self-gravitating Fermi gas as having a ”core-
halo” structure. At high temperature and energy the quantum effects are negligible
and the system is in a completely gaseous phase. As the temperature is lowered
quantum effects are realized and a degenerate nucleus takes form. The nucleus,
which resembles a white dwarf star [5], makes up the ”core” of the ”core-halo”
1
structure while the gaseous envelope surrounding it is the ”halo”. It was found by
Fowler [13] that the quantum pressure generated by the nucleus could sufficiently
stabilize the cluster against gravitational collapse.
The majority of the literature on self-gravitating clusters is carried out in 3-
dimensional space. However, it is interesting to consider configurations of varying
symmetry and dimension which may also have practical applications. For instance,
self-gravitating rods may be used to model self-gravitating gaseous filaments [14,
15] and by further reduction of symmetry we may be able to model self-gravitating
gaseous sheets [16, 17]. Clusters of self-gravitating fermions and white dwarf stars
have also been consider in generalized ”d-dimensional” space by Chavanis [11, 12].
In what follows, we aim to provide an exhaustive description of self-gravitating
fermions at finite and zero temperature through the analysis of density profiles
and caloric curves while considering clusters of various symmetries and spatial
dimensions.
1.2 Fundamentals
The fundamental ingredients to this project are twofold, one pertaining to a
condition of thermal equilibrium and the other to a condition of mechanical equi-
librium. The former is represented by an equation of state (EOS) relating (local)
pressure and density with (global) temperature. The latter is represented by an
equation of motion (EOM), here balancing pressure against gravity in hydrostatic
equilibrium.
Implied in this scheme is the validity of mean-field assumptions, which are
supported by previous studies dedicated to this question. The mean-field simplifi-
cation owed to the long-range gravitational force comes at the cost of a complica-
tion, namely the inequivalence of ensembles. The associated caveats for this study
will be addressed as they arise.
2
1.2.1 Thermal equilibrium




= gs fD/2+1(z), (1.2.1a)
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the (polylogarithmic) FD functions (see Appendix A.1).
The entropy expression can be inferred from (1.2.1) via Euler’s equation, U =









fD/2+1(z)− ln z fD/2(z). (1.2.4)
Throughout this study, except when noted otherwise, Eqs. (1.2.1) are assumed to
hold locally in an FD cluster over distances that are short compared to the length
scale used to characterize density profiles.
1.2.2 Mechanical equilibrium
In a cluster of self-gravitating gas at equilibrium, the temperature T is uniform
but the pressure p and the particle density ρv acquire profiles to satisfy mechanical
3
equilibrium. We shall investigate scenarios characterized by two discrete param-
eters, D associated with the dimensionality of the space and Dσ associated with
the symmetry of the cluster.
We consider clusters with planar symmetry (Dσ = 1) in dimensionsD = 1, 2, 3,
clusters with cylindrical symmetry (Dσ = 2) inD = 2, 3, and clusters with spherical
symmetry (Dσ = 3) in D = 3. In all cases, the relevant profiles only depend on
the distance r from the center of the cluster. For Dσ = 1, the center is a point, a
line, or a plane in D = 1, 2, 3, respectively. For Dσ =, the center is a point or a
line in D = 2, 3, respectively. For Dσ = 3, the center is a point (in D = 3). We
thus write ρv(r), p(r), and z(r), for the radial profiles of particle density, pressure,
and fugacity, respectively.
The total number of particles in a finite cluster is obtained from the density







where R is the radius of the confining wall, L the length of the cylinder or of the








2 : D = 1,
2π : D = 2,
4π : D = 3,
(1.2.6)
is the surface area of the D-dimensional unit sphere. Sufficiently large values of L
guarantee that deviations from the symmetry assumed to hold are negligible.
The mechanical equilibrium is governed by a static solution of the EOM,
expressed by the relation,
d
dr
p(r) = Mρv(r)g(r), (1.2.7)
4
where the gravitational field g(r) is inferred from Gauss’ law as follows:1
















1.2.3 Differential equation for fugacity profile

































fD/2(z) = 0. (1.2.12)
The profiles for pressure and density then follow directly from (1.2.1).
For (thermodynamically) open systems, which include clusters of finite and
infinite mass, the boundary conditions are
z′(0) = 0, 0 < z(0) = z0, (1.2.13)
with the (average) total mass, mtot = NM , provided it is finite, inferred from
(1.2.5). Closed systems of finite mass may not exist without confinement such as
1In order to accommodate scenarios that include plasmas, we distinguish the kinetic mass m
(e.g. of electrons) entering the EOS and the gravitational mass M (e.g. of nucleons per electron)
entering the EOM. The total mass of a cluster is denoted mtot.
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imposed by a wall at R < ∞. For systems with Dσ < D it is useful introduce a













dr rDσ−1fD/2(z) = 1. (1.2.15)
1.2.4 First scaling convention
For the analysis that follows below, it is convenient to work with scaled vari-
ables. A useful length scale for the FD gas is derived from the thermal wavelength
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πr2s : Dσ = 2,
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Relations (1.2.17) and (1.2.18) determine rs and Ts as functions of particle mass
m and total mass mtot = NM for cases with Dσ = D. If Dσ < D the total mass
must be replaced by
m̃tot = ÑM (1.2.19)
with Ñ from (1.2.14), which can still be used as a measure for how massive the
cluster is. It is instructive for later to rewrite the relation between length scale








Expressed in the dimensionless variables thus defined, including the relation ẑ(r̂)
.
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+ 2DσgsT̂D/2−1fD/2(ẑ) = 0. (1.2.21)




dr̂ r̂Dσ−1fD/2(ẑ) = 1. (1.2.22)
It is convenient to use the dimensionless density,
ρ(r̂)
.
= λDTsρv(r̂) = gs T̂
D/2fD/2(ẑ), (1.2.23)




















dr̂ r̂Dσ−1ρ(r̂) = 1. (1.2.25)

















The results for the cases considered in this work simplify as follows:
















































 Dσ = 1, D = 3:
































 Dσ = 2, D = 3:
kBTs = G3ÑM

































Note the distinct dependences on kinetic particle mass m, gravitational particle
mass M , and total mass mtot. This may be of importance in dark-matter research.
Next we investigate the zero-temperature limit of this scaling convention. For
that purpose we distill out of the ODE (1.2.12) for the fugacity z(r) an ODE for
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µD/2 = 0. (1.2.42)
or, after scaling with µ̂
.









µ̂D/2 = 0. (1.2.43)
We are looking for a solution with boundary conditions µ̂′(0) = 0 and µ̂(0) > 0
that is monotonically decreasing and vanishes at some finite radius r̂0. The first
condition follows from the requirement that the density profile is smooth at the
center of the cluster. The second condition, i.e. the value of µ̂(0), must ensure
that the normalization condition (1.2.5) is satisfied. It will be explicitly stated in
Sec. 1.3.
The density profile, expressed via chemical potential, inferred from (1.2.1b)





: 0 ≤ r ≤ r0. (1.2.44)


















θ(r̂0 − r̂). (1.2.45)
The solution of (1.2.43) goes negative at some radius r̂0, beyond which it is un-
physical. The normalization condition (1.2.25) with the radius of confinement R̂
9
replaced by the radius r̂0 of the cluster is satisfied for one specific intial condition
µ̂(0), yielding one specific value of r̂0.
1.2.5 Second scaling convention
This second scaling convention has been designed for use in FD clusters at
zero temperature. However, it is readily generalized to nonzero temperatures. FD
clusters at T = 0 that contain a finite number N of particles are compact and
occupy a volume V if certain stability criteria (against gravitational collapse) are
satisfied. It turns out that the average density of such a cluster is a convenient






, V = Ṽ LD−Dσ , Ṽ =
ADσ
Dσ
rDσ0 , N = ÑL
D−Dσ . (1.2.46)
We start from the same unscaled ODE (1.2.42) for the chemical potential. One
natural scale for the chemical potential µ(r) of an FD cluster is the Fermi energy
µF of a homogeneous FD gas with average density ρav. We extract it from two



















































































µ̄′ + µ̄D/2 = 0. (1.2.52)












The physically relevant boundary conditions are:
µ̄′(0) = 0, (1.2.54a)








where r̄0 is the scaled radius of the cluster. Implementing the normalization condi-
tion (1.2.54b) is somewhat less straightforward than implementing its counterpart
in the first scaling convention.




























These results are in agreement with the well known relation [12],
p̄ ∼ ρ̄1+2/Dv , (1.2.57)
stating that the nonrelativistic FD gas is a polytrope of index n = D/2.
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By combining (1.2.48) and (1.2.50) we obtain the following dependence of the















Note that this dependence switches trend in D = 2. For the dependence of N on
ρav we thus find,




av : D = 1,
ρav : D = 2,
ρ
1−Dσ/6
av : D = 3.
(1.2.59)
The ensuing relation between r0 and N is [12]
r0 ∼ N (2−D)/(2D+2Dσ−DDσ) =

N1/3 : D = 1,
N0 : D = 2,
N−1/(6−Dσ) : D = 3.
(1.2.60)
This last result agrees with Eq. (84) of [19]:
Nn−1r
Dσ(Dσ−2)n


























dr̄ r̄Dσ−1fD/2(z̄) = 1, (1.2.63)
with z̄′(0) = 0 implied and where we have used z̄(r̄) = z(r). The relevant scaled
particle density is
ρ̄v(r̄) = T̄
D/2 Γ(D/2 + 1)fD/2(z̄). (1.2.64)
The scale conversion relations between the two conventions are readily worked
out. They only depend on constants, one of which is the (scaled) radius of the





















1.2.6 Third scaling convention
Here we introduce the length scale and energy scale used in Ref. [11] and relate
them to our first and second scaling conventions.2 A second goal is to establish
consistency between the approaches taken here and in Ref. [11] and to assess the
advantages and disadvantages of the different scales in use.3
Instead of the FD function fn(z) from (A.1.1) in Ref. [11] uses the ‘Fermi





−1) or In(t) = Γ(n− 1)fn+1(t−1). (1.2.66)
The recurrence relation (A.1.4) is equivalent to (19). For the area SD of the unit
sphere we use AD. For the gravitational constant we use GD, which reminds us
of the fact that its units depend on D. The ‘spatial density ρ’ defined in (1) is
identical to our mass density ρm = mρv. It is then readily shown that (17) is
equivalent to (1.2.1b). Likewise, expression (28) for the pressure is equivalent to
our expression (1.2.1a).






















In the limit T → 0, the length scale rP shrinks to zero in D = 1 and stretches
to infinity in D = 3. Only in D = 2 is rP T -independent. This is problematic
in some applications. Its relation to rs from our first scaling convention, inferred








2All equation numbers without period refer to [11] unless stated otherwise.
3In this section, we impose the restrictions Dσ = D and M = m as in Ref. [11]. Generalizations
to Dσ ≤ D are worked out in Sec. 1.4.1.
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Next we show that our ODE (1.2.12) for the fugacity z(r) is equivalent to the
ODE (20) for the scaled potential ψ(ξ). For this purpose we write,
zξ(ξ)
.


















+ Γ(D/2)fD/2(zξ) = 0. (1.2.71)
With the relation,
z−1ξ (ξ) = k e
ψ(ξ), (1.2.72)
between scaled fugacity and scaled potential the ODE (1.2.71) is readily shown to















Both ODEs produce one-parameter families of solutions, where the parameter only
enters one of the boundary conditions. In the case of (20) that parameter is k and
in the case of (1.2.71) it is zξ(0), the fugacity at the center of the cluster.
The parameters k and zξ(0) contain several physical quantities that we might
wish to vary individually or in combinations: the confining radius R, the temper-
ature T , and the number N of particles (or the total mass mtot = Nm). In [11]
the parameter k is being split into two (dimensionless) parameters that are then
















































It is useful to express the degeneracy parameter µ in terms of the scaled radius of
confinement α and the scaled inverse temperature η:
µ = α2ηD/2−1. (1.2.80)






Caloric curves can be produced alternatively by keeping µ fixed and varying α or
by keeping R̂ fixed and varying T̂ . The two sets are not identical but there is
a one-on-one correspondence between maxima, minima, and locations of infinite
slope.
1.2.7 Maxwell-Boltzmann limit
In the limiting case where the gas is dilute throughout the cluster, implying
that ẑ  1 everywhere, we can simplify (1.2.23) into
ρ(r̂) gsT̂
D/2ẑ, (1.2.82)
















ρ = 0, (1.2.83)
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directly for the density with the same integral condition (1.2.22). Equation (1.2.83)
is well known to be characteristic of the Maxwell-Boltzmann (MB) gas. In Ref. [20]
it emerged (with Dσ = D) in the dilute limit of the ideal lattice gas. The scaled
variables remain the same but the length scale is different. Here we use the volume
unit λDTs replacing the lattice-gas cell volume Vc.
It is noteworthy that the the ODE (1.2.83) is invariant under the scale trans-








= r̂Dσt ρ, T̃
.






which the more general ODE (1.2.21) is not. For the special case r̂t = R̂ this















ρ̃ = 0, (1.2.85a)
ρ̃′(0) = 0, Dσ
∫ 1
0
dr̃ r̃Dσ−1ρ̃(r̃) = 1. (1.2.85b)
1.2.8 Free-energy expressions
The stability status of density profiles derived from ODEs as described earlier
must be determined separately. Caloric curves and free-energies in comparison are
commonly employed for that purpose. Here we develop the ingredients to these
tools.
The two terms of the internal energy,
E = U + US, (1.2.86)
are the kinetic energy U and the gravitational self-energy US in the current context.
The third term in the Helmholtz free energy,
F = U + US − TS = E − TS, (1.2.87)
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involves the entropy S. We can express U and S as integrals over the space occupied
by the cluster of the kinetic-energy density (1.2.1c) and the entropy density (1.2.4).
The potential energy US – here the gravitational self-energy – is a more complicated
integral expression, for which there are multiple renditions as described below.











Next we generalize the entropy expression (1.2.4) to clusters of given fugacity














pertaining to particles with nonrelativistic energy-momentum relation and as-



























dx a(z, x), (1.2.92)























































fD/2+1(z)− fD/2(z) ln z
]
. (1.2.94)
It is expected that the entropy density vanishes everywhere in the low-T limit.
This can be demonstrated by using the asymptotic expansion (A.1.5) to second






















It is useful at this point to establish an explicit relation between fugacity z(r)
and gravitational potential U(r). From (1.2.9) with g(r) = −dU/dr and (1.2.11)






which, upon integration, becomes
z(r) = z(0) e−βM [U(r)−U(0)]. (1.2.97)
For the conversion of (1.2.88) and (1.2.94) to scaled units we use (1.2.14)









































1.2.9 Gravitational self-energy expressions
The gravitational self-energy US is best analyzed case by case for all six com-
binations of 1 ≤ Dσ ≤ D ≤ 3. In all cases we choose a reference state with all
particles confined to 0 ≤ r ≤ rc at uniform spatial density. For clusters of finite
mass, shrinking the reference radius means increasing the reference density. All
differences ∆US are independent of the value of rc. The reference state (pseudo-
vacuum) is not to be confused with the ground state (physical vacuum). The
self-gravitating FD cluster at T = 0 has a nontrivial density profile and extends
to a radius named r0. We calculate the differential dUS in gravitational self-energy
as work performed against gravity when a thin layer of mass is translocated from
radius r1 to radius r2 > r1 as illustrated in Fig. 1.2.1. The process begins with













Figure 1.2.1: Change in gravitational self-energy dUS calculated as work performed
against gravity when a thin layer of mass dm is being translocated from radius r1
to radius r2.
Dσ = 1, D = 1
We begin by stating the scaling conventions.







We use the aforementioned model reference state,
ρ(0)m (r) = ρ
(c)




The derivation assumes the inequality, r2 > r1, which is guaranteed if we choose







dm = 2ρ(c)m dr1 = 2ρm(r2)dr2, (1.2.104)




r1r2 − r21], (1.2.105)










































































The equality of the second terms in (1.2.109b) and (1.2.109c) follows from the






























Note that r̂c now only appears as an additive constant, which makes ∆US between
macrostates independent of the refererence state as should be the case.
The first term in (1.2.109c), which involves a double integral, can be reduced








This relation already reduces the double integral to a single integral. We can even




















































where the last step involved an integration by parts. This simplified expression
can also be inferred via the virial theorem.
Dσ = 1, D = 2
Here we maintain the same (planar) symmetry and add a spatial dimension.
We retrace each step taken in Sec. 1.2.9 for this case with minimum text. Scaling
conventions:
ρ = λ2Tsρv, ρm = Mρv, m̃tot = ÑM, Ñλ
2








ρ(0)m (r) = ρ
(c)










dm̃ = 2ρ(c)m dr1 = 2ρm(r2)dr2, (1.2.117)









































































































Dσ = 1, D = 3
Again the planar symmetry is maintained and another spatial dimension is
added. Scaling conventions:
ρ = λ3Tsρv, ρm = Mρv, m̃tot = ÑM, Ñλ
3







ρ(0)m (r) = ρ
(c)











dm̃ = 2ρ(c)m dr1 = 2ρm(r2)dr2, (1.2.129)










































































































Dσ = 2, D = 2
We proceed along lines parallel to those in Sec. 1.2.9 and begin with restating
the scaling conventions:











ρ(0)m (r) = ρ
(c)













m dr1 = 2πr2ρm(r2)dr2, (1.2.141)








Change of gravitational potential across mass gap:


















































































dr̂ r̂ρ(r̂)σ2(r̂) = 1. (1.2.148)
Note again that r̂c only appears as an additive constant. Second simplification





























1ρ(r̂2) ln(r̂1) . (1.2.150b)
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Similarly, we rewrite Û
(2)

















































Dσ = 2, D = 3
Scaling conventions:











ρ(0)m (r) = ρ
(c)














m dr1 = 2πr2ρm(r2)dr2, (1.2.159)








Change of gravitational potential across mass gap:













































































dr̂ r̂ρ(r̂)σ2(r̂) = 1. (1.2.166)
Second simplification reduces double integral implied in (1.2.165) into a single









The process for simplification of the double integral is identical to the case Dσ =















Dσ = 3, D = 3
We again begin with restating the scaling conventions:












ρ(0)m (r) = ρ
(c)













m dr1 = 4πr
2
2ρm(r2)dr2, (1.2.172)








Change of gravitational potential across mass gap:






















































































The equality of the second terms in (1.2.177b) and (1.2.177c) is a consequence of

























Note again that r̂c is an additive constant.





































































where the last step involved an integration by parts. This simplified expression
can also be inferred via the virial theorem.
Alternate derivation of gravitational self-energy
The above expressions for the gravitational self-energy can be derived alter-
natively from the work expression of (C.1.8). We begin with the expression for the





ρvφ dv , (1.2.182)
and making use of the relation between the virial and potential energy (B.1.12) we
can rewrite the potential energy as
W = − m
(Dσ − 2)
∫
























′) in the second step. Scaling the above expression according

























dr̂′ r̂′Dσ−1ρ(r̂) . (1.2.185)
This is equivalent to the expressions found for Dσ ≤ D, save for the additive
constant which depends on the radius of the reference profile. We also not that
30
these expressions can be only be obtained for Dσ 6= 2 since in Dσ = 2 we cannot
relate the virial to the potential energy.
1.3 Density profiles at T = 0
FD clusters of finite mass have, at zero temperature, a finite radius, named
r0, provided they are stable against gravitational collapse, which is the case for
1 ≤ Dσ ≤ D = 3 if relativistic effects are negligible. The T = 0 density profiles
investigated here are important anchor points for the analysis of their variation
under rising temperature (Sec. 1.5) or under increasing numbers of particles into
the relativistic regime which will be discussed in Chapter 3.








µ̂D/2 = 0, (1.3.1)
with boundary conditions,















µ̄′ + µ̄D/2 = 0, (1.3.3)
with normalization condition,
µ̄′(0) = 0, (1.3.4a)








The first convention has the practical advantage that the cluster radius only ap-
pears as an integration boundary in the normalization condition, whereas the the
second convention has the aesthetic advantage that the ODE has as impler look.
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In the following we analyze solutions of Eqs. (1.3.3) and (1.3.4) separately for
six combinations of the symmetry paramter Dσ and the spatial dimensionality D.
In each case we describe profiles for the chemical potential, the density, and the
pressure. Within the nonrelativistic regime, these scaled profiles are universal, i.e.
independent of total mass.
1.3.1 Dσ = 1, D = 1
In this case ODE (1.3.3) simplifies into
µ̄′′ + µ̄1/2 = 0, (1.3.5)








for the inverse function r̄(µ̄), which is effectively of first order. We have used the








The first integral of (1.2.38) is carried out by separation of the variables µ̄ and
s̄
.


















The inverse profile then reads










, 0 ≤ µ̄ ≤ µ̄0, (1.3.10)






















The second condition (1.3.4b) is then satisfied by exactly one pair of values:
µ̄0 = 1.67329 . . . , r̄0 = 1.69882 . . . (1.3.12)











Figure 1.3.1: Universal profiles for the scaled chemical potential, density, and
pressure of the nonrelativistic FD gas with Dσ = D = 1 and T = 0.
In Fig. 1.3.1 we plot the profile derived from the solution (1.3.10) and the












The function µ̄(r̄) vanishes linearly r̄ = r̄0 (to leading order), implying cusp sin-
gularities, ρv ∼ (r̄0 − r̄)1/2 and p̄ ∼ (r̄0 − r̂)3/2 for the other two functions.
What happens to a cluster when particles are added i.e. when the total mass
increases? From (1.2.58) we infer that the average density increases at the rate
ρav ∼ N2/3, implying, according to (1.2.48), that µF ∼ N4/3. It then follows from
(1.2.50) that the radius of the cluster increases at the rate r0 ∼ N1/3, in agreement
with (1.2.60). The pressure at the center of the cluster increases, according to
(1.2.55), at the rate p(0) ∼ N2.
1.3.2 Dσ = 1, D = 2
For this case the ODE (1.3.3) becomes linear,
µ̄′′ + µ̄ = 0. (1.3.14)
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µ̄0 = r̄0 =
π
2
= 1.57079 . . . (1.3.16)
This profile along with the profiles,







are shown in Fig. 1.3.2.










Figure 1.3.2: Universal profiles for the scaled chemical potential, density, and
pressure of the nonrelativistic FD gas with Dσ = 1, D = 2 and T = 0.
The chemical potential and the density have identical profiles, approaching
zero linearly at r0, whereas the pressure vanishes quadratically at the surface of
the cluster. Adding particles does not, according to (1.2.60), change the radius of
the cluster. In consequence, the average density ρav grows linearly with mass, as
does µF. The central pressure increases quadratically with mass.
1.3.3 Dσ = 1, D = 3
The ODE to be solved in this case is
µ̄′′ + µ̄3/2 = 0. (1.3.18)
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for the inverse function r̄(µ̄). The resulting inverse profile becomes










, 0 ≤ µ̄ ≤ µ̄0. (1.3.20)





















µ̄0 = 1.50132 . . . , r̄0 = 1.48640 . . . (1.3.22)












All three profiles are shown in Fig. 1.3.3. The linear cusp singularity of the chemical












Figure 1.3.3: Universal profiles for the scaled chemical potential, density, and
pressure of the nonrelativistic FD gas with Dσ = 1, D = 3 and T = 0.
potential at r0 is universal inDσ = 1. The cusp singularities of density and pressure
become weaker as D increases. Note that the radius r0 shrinks with increasing
mass: r0 ∼ N−1/5.
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1.3.4 Dσ = 2, D = 2




µ̄′ + µ̄ = 0 , (1.3.24)
is recognizable as characterizing Bessel functions. The solution that satisfies the
boundary conditions (1.3.4) reads [12],
µ̄(r̄) = µ̄0 J0(r̄). (1.3.25)
The radius r̄0 of the cluster is determined by the first zero of the Bessel function.
The value µ̄0 then follows from (1.3.4b). We thus obtain
µ̄0 = 2.31613 . . . , r̄0 = 2.40482 . . . (1.3.26)
The profile (1.3.26) along with the profiles,







are shown in Fig. 1.3.4. The chemical potential and the density are identical and
vanish linearly at the edge of the cluster whereas the pressure vanishes quadrati-
cally. Features shared by all cases with D = 2 is that the average density and total
mass are proportional, the radius of the cluster is independent of the mass, and
the central pressure increases quadratically with mass.
1.3.5 Dσ = 2, D = 3




µ̄′ + µ̄3/2 = 0, (1.3.28)
subject to the three simultaneous conditions (1.3.4), yielding
µ̄0 = 2.21810 . . . , r̄0 = 2.16962 . . . (1.3.29)
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Figure 1.3.4: Universal profiles for the scaled chemical potential, density, and
pressure of the nonrelativistic FD gas with Dσ = D = 2 and T = 0.












are shown in Fig. 1.3.5. In this case, the average density rises faster tha the number
of particles, ρav ∼ N3/2, which is consitent with the result that the cluster radius
shriks when particles are addes, r0 ∼ N−1/4.















Figure 1.3.5: Universal profiles for the scaled chemical potential, density, and
pressure of the nonrelativistic FD gas with Dσ = 2, D = 3 and T = 0.
1.3.6 Dσ = 3, D = 3




µ̄′ + µ̄3/2 = 0. (1.3.31)
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must be carried out numerically in its entirety. This means that we must look
for the solution that satisfies the three conditions of (1.3.4) simultaneously. The
universal profile thus emerging has
µ̄0 = 3.29853 . . . , r̄0 = 2.71119 . . . (1.3.32)












are shown in Fig. 1.3.6. As already noted for clusters with planar and cylindrical












Figure 1.3.6: Universal profiles for the scaled chemical potential, density, and
pressure of the nonrelativistic FD gas in Dσ = D = 3 and T = 0.
symmetry, a characteristic feature of D = 3 is that the radius of the cluster now
shrinks when particles are added, r0 ∼ N−1/3, implying a faster increase of average
density, ρav ∼ N2. While the radius shrinks in real space it still grows in reciprocal
space, µF ∼ N4/3. The central pressure rises rapidly with increasing mass: p(0) ∼
N10/3.
1.4 Caloric curves
For the analysis of density profiles at T > 0 it is useful to have caloric curves
available as a roadmap on which all the relevant landmarks can be identified.
Caloric curves are functional relations between inverse scaled temperature and
38
negative scaled internal energy. Both quantities depend on two parameters, of
which one is being varied and the other is being kept fixed. The functional relation
is thus graphically portrayed by a family of curves.
Such caloric curves were determined and analyzed in Ref. [11] for D = Dσ
using the third scaling convention (Sec. 1.2.6). In the following, we reproduce
existing results and produce new results for cases not previously analyzed. We
note that the third scaling convention as reviewed in Sec. 1.2.6 only works for
D = Dσ 6= 2. We plan to use it here only for the cases D = Dσ = 1, 3 in order
to demonstrate consistency with previous results. All scales used here have been
introduced in Secs. 1.2.4-1.2.6.
1.4.1 Scales for temperature and energy
Reference [11] plots Λ
.
= −E/NkBTP versus η
.
= TP/T for varying parameter
α
.
= R/rP (scaled radius of confinement) and fixed degeneracy parameter µ. all
relevant definitions are stated in Sec. 1.2.6. For the generalization to cases Dσ < D















= Ts/T for varying scaled temperature T̂ and fixed scaled radius of
confinement R̂. The variables η, α, µ, which are functionally related via (1.2.80)
and used in Ref. [11], depend on the variables R̂, T̂ of our first scaling convention
were stated in (1.2.78), (1.2.79), and (1.2.81) for the special cases Dσ = D. These
























We note that the parameters µ and R̂ satisfy a monotonic functional relationship
that is independent of α or T̂ and that for fixed µ or R̂ the parameters α and T̂
also satisfy a monotonic functional relationship.
For the investigation of caloric curves we list, for easy reference, the relevant














































































1.4.2 Degree of degeneracy
FD statistics limits the occupancy of one-particle states to gs (spin degener-
acy). Under circumstances where the local density of particles is sufficiently small,
this limitation has no relevance because the probability of multiply occupied one-
particle states – if they were allowed – is exceedingly low. Here FD statistics
coincides with MB statistics. We have, effectively, a classical ideal gas of point
particles. This is the nondegenerate limit of the FD gas. The opposite limit of a
completely degenerate FD gas is realized at zero temperature. Here all one-particle
states from the lowest level up to the Fermi energy εF have occupancy gs and all
states at higher energy are vacant.
In the context of self-gravitating FD clusters in the canonical ensemble, the
degree of degeneracy is a local attribute. The FD gas in one and the same cluster
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(at uniform temperature) may be highly degenerate near the center of the cluster
where the density of particles is high and close to nondegenerate away from the
center where the density of particles is low. If the particle density is low throughout
the FD cluster, it resembles the corresponding MB cluster. MB clusters have also
been investigated at high particle density. Formally this can be accomplished by
shrinking the thermal wavelength artificially, e.g. by taking the limit h→ 0. The
physics of MB clusters with high-density regions is different from the physics of
the corresponding FD clusters.
How do we relate the degree of degeneracy to the particle density, ρv = N/V ?
A natural measure can be constructed from a comparison of the average distance
between particles, (V/N)1/D, and the thermal wavelength, λT =
√
h2/2πmkBT .
The relation between these two quantities is neatly captured by (1.2.1b),
ρvλ
D
T = gs fD/2(z), (1.4.8)
One of the fundamental thermodynamic relations that make up the EOS. Wherever
the mean distance between particles is large compared to thermal wavelength we
have ρvλ
D
T  1, implying that gs fD/2(z) 1, which, in turn, is realized for z  1.
This last criterion is very useful in our project because all density profiles are
calculated from an ODE for z(r), the radial dependence of the fugacity.
The degeneracy parameter µ introduced earlier is a global measure indicating
a propensity for degeneracy in a cluster. Low values of µmean, according to (1.4.2),
that the radius of confinement is small. This enhances the degree of degeneracy
throughout the cluster. Large values of µ, by contrast, mean that the radius of
confinement is wide. Here the density is low everywhere at high temperature.
However, at low-temperature, gravity is likely to produce significant degeneracy
near the center of the cluster, nevertheless. At fixed µ, high temperature means,
according to (1.4.2), large values of α and low temperature means small α. In
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consequence, the occurrence of degeneracy in an FD cluster depends on µ and α.
1.4.3 Dσ = 1, D = 1, 2, 3
Irrespective of the scales used, the caloric curves are monotonically increasing.
Moving up means lowering the temperature and moving to the right means lowering
the internal energy. Nothing dramatic happens as the system is cooled down
gradually: the average kinetic energy decreases and the (negative) gravitational
potential energy gains in magnitude. Keeping the planar symmetry of the cluster
but increasing the dimensionality of the space has little effect on the shape of the
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FD , Dσ = D = 1
R→∞
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Figure 1.4.1: (a) Caloric curves in Dσ = D = 1 for different values of R̂. The
red curve shows the approximation E ∼ 1
2
NkBT . (b) Caloric curve of the limit
curve when R̂→∞, representing an FD gas in an infinite domain. The red curve
shows the caloric curve of a classical gas in an infinite domain which is given by
E = 3
2
NkBT . In both curves the common asymptote at Êmin is shown by the
dashed line.
All curves for Dσ = 1 are monotonic. This lack of turning points tells us that
there are no changes in stability anywhere along the curve. The caloric curves for
several values of confining radius are plotted in Fig.(1.4.1)(a). All curves share a







FD , Dσ = D = 1

















FD , Dσ = D = 1














Figure 1.4.2: (a) Caloric curves in Dσ = D = 1 for different values of µ. The
vertical dashed lines show the asymptotic energy values which are µ dependent.
The red curve shows the approximation E ∼ 1
2
NkBT . (b) Caloric curve for the
limit µ→∞. The red curve shows the caloric curve of a classical gas in an infinite













where r̂0 is the radial value of the fermion ball discussed in 1.5.2. The minimum
energy given by (1.4.9) holds for all values of R̂ with the caveat that R̂ > r̂0.
In such a case the gas is self-confined, or a complete ploytrope. This is the case
for curves in Fig.(1.4.1)(a). If R̂ < r̂0, the gas is box confined or an incomplete
polytrope and the value of Emin becomes dependent on the value of R. This is
discussed in greater detail in [11].
In the limit T →∞ and E →∞ the FD gas is similar to a classical nongrav-
itational gas in a box. In this case the caloric curve is E ∼ 1/2NkBT , which is
given by the red curve in Fig.(1.4.1)(a). We see that for smaller values of confining
radius this is a good approximation. As we move to larger values of R̂ the approx-
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imation fails and we consider another limit, that is when R̂ → ∞. This curve is
showcased in Fig.(1.4.1)(b) along with the caloric curve for a classical gas in an
infinite domain in red, given by E = 3/2NkBT . We can how the curves differ in
the low temperature limit where quantum effects come in to play, and the curves
merge as the limit of high temperature and energy showing the classical behavior
of the FD gas in such limits.
The caloric curves of Fig.(1.4.1) displays the evolution of self-gravitating FD
clusters as the radius of confinement changes. Alternatively, we can examine how
these curves evolve as we change the degeneracy parameter µ. In such a case, the
confining radius is fixed and the value of ~ changes, and in the limit µ→∞ (~→ 0)
we recover a classical gas. This is complimentary to the curves of Fig.(1.4.1) where
the value of ~ is fixed while the confining radius changes. Contrary to the curves
in Fig.(1.4.1)(a) the curves in Fig.(1.4.2)(a) do not share a common minimum
energy asymptote. This is because the value Λmax (Emin) depends of the value of









with µ∗ ≈ 0.846 . (1.4.11)
As T → ∞ and E → ∞ the curves converge to the caloric curve for the classical
nongravitational gas shown in red and given by E ∼ 1/2NkBT . The effect of
increasing µ (decreasing ~) is even more apparent in Fig.(1.4.2)(b) which shows
the caloric curve in the limit µ→∞ along with the caloric curve which corresponds
to a classical gas in an infinite domain in red, again given by E = 3/2nkBT . The
two curves are in good agreement in the low temperature limit. As the temperature
and energy increase the limit curve separates and is better approximated by the
classical nongravitational gas. From Fig.(1.4.2)(a) we can see how Λmax increases
with increasing µ. The culmination of this trend is shown in the limit curve when
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Figure 1.4.3: (a) Caloric curves in Dσ = 1, D = 2 for different values of R̂. The
red curve shows the approximation E ∼ NkBT . (b) Caloric curve of the limit
curve when R̂→∞, representing an FD gas in an infinite domain. The red curve
shows the caloric curve of a classical gas in an infinite domain which is given by
E = 2 NkBT . In both curves the common asymptote at Êmin is shown by the
dashed line.
As is the case for D = 1 all curves are monotonic, describing a lack of stability
change anywhere along the curve. The curves of Fig.(1.4.3) are presented in the R-
independent scaling which produces a common asymptote at Êmin for all displayed
values of µ. This asymptotic energy for self-confined clusters is given by




which is the energy for a complete n = 1 polytrope as derived in appendix C.1.
The red curve in Fig.(1.4.3)(a) represents the classical, non-gravitational gas in a
box and is given by E ∼ NkBT . Similar to the case with D = 1, the FD gas with
smaller confining radii are in good agreement with this approximation in the high
temperature and energy limit. The better comparison for FD clusters with large
confining radius is the classical, gravitational gas in an infinite domain which is
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shown as a red curve in Fig.(1.4.3)(b) and is given by E = 2NkBT . This curve is
shown beside the limit curve for R̂→∞. The curves are again in good agreement







FD , D σ = 1 , D = 2



































Figure 1.4.4: (a) Caloric curves in Dσ = 1, D = 2 for different values of µ. The
vertical dashed lines show the asymptotic energy values which are µ dependent.
The red curve shows the approximation E ∼ NkBT . (b) Caloric curve for the
limit µ→∞. The red curve shows the caloric curve of a classical gas in an infinite
domain which is given by E = 2 NkBT .
These same curves are shown in the common gravitational units in Fig.(1.4.4).
Since the scaling is not independent of the confining radius each curve has its own


















We can see the effect that the degeneracy parameter has on the caloric curve
in Fig.(1.4.4)(a). Much like the case D = 1, the asymptotic energies decrease
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with increasing µ until reaching zero in the limit µ → ∞. In the same panel we
plot alongside the caloric curves in red the approximation for the classical non-
gravitational gas, which is again a good approximation in the limit T →∞, E →
∞ but fails at low temperatures. In panel (b) of the same figure we present the limit
curve for µ→∞ with the caloric curve of the classical gas in an infinite domain.
We can see that the classical gas is a good approximation for the FD gas at low
temperature and energy but is better described by the classical non-gravitational
gas at high temperature ans energy.
μ=1μ=10
2
FD , D σ = 1 , D = 3
-Emin










































Figure 1.4.5: (a) Caloric curves in Dσ = 1, D = 3 for different values of R̂. The
red curve shows the approximation E ∼ 3
2
NkBT . (b) Caloric curve of the limit
curve when R̂→∞, representing an FD gas in an infinite domain. The red curve
shows the caloric curve of a classical gas in an infinite domain which is given by
E = 5
2
NkBT . In both curves the common asymptote at Êmin is shown by the
dashed line.
Increasing the dimensionality of space to D = 3 yields qualitatively similar
results. Select caloric curves for this case are shown in Fig.(1.4.5)(a) alongside the
approximation for the classical non-gravitational gas given by E ∼ 3/2NkBT . In






In panel (b) we compare the limit curve for R̂ → ∞ to E = 5/2NkBT , the
caloric curve for the classical gas in an infinite domain. As in the other two
cases, these curves are in good agreement at high temperature and energy but
diverge at the opposite end of spectrum. Caloric curves for different values of the
degeneracy parameter are shown in Fig.(1.4.6)(a) along with their corresponding







and the caloric curve for the classical non-gravitational gas. In panel (b) we can
see the agreement between the limit curve for µ → ∞ with the classical caloric
curve at low temperatures. As in the previous cases the two curves diverge as the
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Figure 1.4.6: (a) Caloric curves in Dσ = 1, D = 3 for different values of µ. The
vertical dashed lines show the asymptotic energy values which are µ dependent.
The red curve shows the approximation E ∼ 3
2
NkBT . (b) Caloric curve for the
limit µ→∞. The red curve shows the caloric curve of a classical gas in an infinite




1.4.4 Dσ = 2, D = 2, 3
Again, increasing the dimensionality of the space but keeping the cylindrical
symmetry of the cluster produces no qualitative changes. However, the shapes
observed in Figs. 1.4.7 and 1.4.8 exhibit a conspicuous new feature not seen in the
caloric curves of systems with planar symmetry (Sec. 1.4.3).
For the interpretation of these caloric curves we can draw from our experience
with the analysis in Ref. [20] of the self-gravitating ILG with cylindrical symmetry.
That system is stable in an unconfined space up to a well-defined critical temper-
ature, where it evaporates. At the critical temperature the ILG is very dilute
everywhere, which means it behaves like an MB gas as does the FD gas under the
same circumstances. It is, therefore, safe to conclude that the unconfined FD gas
evaporates at exactly the same critical temperature. The evaporation is a sort of
second-order transition. There is no discontinuity in the density anywhere. When
confinement at radius R is present the process of evaporation changes nature from
a sharp transition to a crossover from a density profile with a significant gradi-
ent between center and confining wall to a profile that is closer to uniform. This
crossover is reflected in the shoulder feature of the caloric curves. A very small
increase in temperature produces a large change in the internal energy as the gas
either expands against gravity.
The monotonicity of the caloric curves confirm that no real transition takes
place. This is due to a lack of collapse in the gas, and as it turns out Dσ = 2 is
a critical dimension when discussing collapse [21]. Instead, as the confining radius
of the cluster increases the curve moves to create what is almost a plateau at the
value TMB. Below this temperature the classical gas would suffer a collapse and
form a Dirac peak, but the quantum effects of the Fermi gas arrest the collapse
and instead there is a formation of a fermion ball surrounded by a dilute halo of
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gas. As the temperature continues to lower the system evolves into a pure Fermi
condensate with no halo at T = 0.





































Figure 1.4.7: (a) Caloric curves in Dσ = D = 2 for different values of R̂. The red
curve shows the approximation E ∼ NkBT . (b) Caloric curve of the limit curve
when R̂ → ∞, representing an FD gas in an infinite domain. The dashed curve
shows the caloric curve of a classical gas in an infinite domain which is given by
T = TMB.
In Fig.(1.4.7)(a) we compare the caloric curves for finite values of R̂ to that of
the classical gas, which is shown in red, described by E = NkBT . When T → ∞
and E →∞ the FD gas is well approximated by the classical curve, and remains a
valid approximation even at large finite values of R̂. As the temperature is lowered
the curves below TMB the again converge to a common asymptote at Êmin = 0.
For all curves in the limit T̂ → 0 the system becomes fully degenerate and tends
to the energy Êmin = 0. The exception is when the gas box-confined which occurs
when the scaled confining radius is smaller than the value of r̂0 given in 1.3.4. In
this case, the minimum energy is no longer independent of the confining radius.
We can see from Fig.(1.4.7)(a) when we are below the classical temperature that
as R̂ increases the curve begins to form a plateau at TMB. The formation of this
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plateau is realized fully in the limit R̂ → ∞. This can be seen in Fig.(1.4.7)(b)
where we plot the limit curve along with the caloric curve for the classical gas in
an infinite domain, shown as a dashed line, given simply by T = TMB.
μ=2
105
FD , Dσ = D = 2
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Figure 1.4.8: (a) Caloric curves in Dσ = D = 2 for different values of µ, from left
to right µ = 2, 10, 102, 103, 104, 105. The vertical dashed lines show the asymptotic
energy values which are µ dependent. The red curve shows the approximation
E ∼ NkBT . (b) Caloric curve for the limit µ → ∞. The dashed curve shows the
caloric curve of a classical gas in an infinite domain which is given by T = TMB.
In Fig.(1.4.7)(a) we plot caloric curves for various values of degeneracy pa-
rameter, µ. In so doing, the value of the confining radius is fixed, and the value
of ~ varies. The value of ~ decreases as µ increases until ~→ 0 when µ→∞. All
curves in Fig.(1.4.7)(a) are well approximated by the classical gas, E = NkBT ,
shown in red. As the temperature increases the curves diverge from each other and
the classical curve. Unlike in Fig.(1.4.1)(a) the minimum energy is not shared by










with ξ1 ≈ 2.40 . (1.4.17)
The asymptotic values for each curve given by (1.4.17) are shown as vertical dashed
lines. As each curve approaches its own asymptote as T → 0 the system becomes
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fully degenerate. Just as in Fig.(1.4.1)(a) we can see a plateau formin at the critical
temperature of the classical gas, which is TMB = Gmtotm/4kB, as µ increases. In
the limit curve in Fig.(1.4.7)(b) we can see the plateau fully extend as E → −∞.
In such a case, the FD gas tends to Dirac peak and can be approximated by the
caloric curve for the classical gas in an infinite domain which is represented as the
dashed curve by T = TMB.
Finally, we can consider a cluster in three dimensions with cylindrical sym-
metry. Caloric curves for such clusters are shown in Fig.(1.4.9) for select values
of the degeneracy parameter, and are similar to those of Dσ = D = 2. At high
temperature and energy all curves are well approximated by the caloric curve for
the classical non-gravitational gas shown in red. As the temperature and energy
increase the caloric curves depart from the approximation and terminate at their










so long as r̂0 < R̂. As in D = 2 a plateau begins to form at T̂MB = 1/2 with
increasing µ. Again, the collapse at this temperature is arrested by the quantum
pressure of the FD gas. Below T̂MB the cluster becomes more degenerate as the
temperature is lowered until forming a fermion ball in the limit T̂ → 0. The
energy of such a structure is then by the (1.4.18). We can see the caloric curve
of the FD gas in the limit ~ → 0 in Fig.(1.4.6)(b), which we compare with the
caloric curve of the classical gas in infinite domain which is given by T = TMB.
The limit curve, which is well approximated by the classic non-gravitational gas
at high temperature and energy merges with the Maxwell-Boltzmann plateau at
negative energies and the cluster tends to a Dirac peak.
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FD , D σ = 2, D = 3
μ=2
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Figure 1.4.9: (a) Caloric curves in Dσ = 2, D = 3 for different values of µ, from left
to right µ = 2, 10, 102, 103, 104, 105. The vertical dashed lines show the asymptotic
energy values which are µ dependent. The red curve shows the approximation
E ∼ 3
2
NkBT . (b) Caloric curve for the limit µ→∞. The dashed curve shows the
caloric curve of a classical gas in an infinite domain which is given by T = TMB.
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1.4.5 Dσ = D = 3
Clusters with spherical symmetry in 3-dimensional space produce caloric
curves with more much complexity and variety in shape as is evident in Figs. 1.4.10
and 1.4.11. They include all features already seen in clusters with lower symmetry.
Let us begin with low values of µ. These are clusters confined tightly inside
spheres of relatively small radius. These caloric curves resemble those of clusters
in Dσ = 1 at any value of µ or those of clusters in Dσ = 2 at low µ. They are
monotonic and tell us that as the temperature is lowered (moving up)the density
increases gradually near the center, which produces a lowering of the gravitational
self-energy (moving to the right).
At some value 10 < µ . 82.5 of the degeneracy parameter, which represents a
cluster in a sphere of somewhat larger radius, the gravitational self-energy decreases
more rapidly across a narrow interval of temperature as previously observed in
clusters with cylindrical symmetry (Sec. 1.4.4). This can be interpreted (as we did
in Sec. 1.4.4) that a phase transition is impending but not quite realized. However,
what is impending here is different from what was in the previous case. There it
was evaporation (second-order phase transition) that could only really happen for
µ =∞, i.e. with no confinement. Here it is a first-order transition, which can and
does happen in just a little less confined quarters.
This bring us to range 102 . µ . 104 of degeneracy parameter, which trans-
lates, according to (1.4.2), into a range of wider scaled radii. In this range the
caloric curve has a smooth maximum at intermediate internal energy. The im-
plication is that we will get three distinct density profiles across some interval of
temperature. This scenario is very reminiscent of what we have previously observed
in the ILG (see Ref. [20]). In all likelihood, one will be stable, one metastable,
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Figure 1.4.10: Caloric curves in Dσ = D = 3 for different values of µ plotted across






FD , Dσ = D = 3

















Figure 1.4.11: Caloric curves in Dσ = D = 3 for different values of µ (third scaling
convention).
metastable solution the second-lowest. At some temperature within the interval
the free energies of these two solutions cross and the solutions change designation.
At yet larger values of µ the shape of the caloric curve becomes more complex
as shown in Fig. 1.4.11. The number of distinct density profiles increases beyond
three in some temperature intervals. It is not clear, however, if this has any bearing
on the transition. The analysis carried for Figs. 1.4.12 and 1.4.13 does not show
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any evidence that it would.
If we wish to discuss the curves of Fig.(1.4.11) in more detail then it’s more
convenient to do so individually. Let us first consider the case of large degeneracy
parameter, in this case µ = 105. From Fig.(1.4.12) we can see that the caloric
curve associated with this value of µ had many features and a convoluted shape.
For convenience and to see these features in better detail the same curve is shown
alone along side a plot of the free-energy. The analysis of these curves have been
studied in depth in [22], and what proceeds will mostly be a review of what was
described therein.
There are two temperatures of importance here, T̂t(η̂t) and T̂c(η̂c), labeled
so because they are the transition and collapse temperature respectively. The
evolution of the system depends greatly on the starting point along the curve with
respect to these temperatures and since these equilibrium states may be long-lived
no states should be considered unphysical. Let’s start by looking at the caloric
curve in Fig. (1.4.12)(b) from left to right (which corresponds to reading the free-
energy plot found in the same figure from right to left).
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Figure 1.4.12: (a) Free-energy plotted against scaled temperature. The vertical
dashed line marks the transition temperature. (b) Caloric curve for µ = 105. The
horizontal dashed line displays the inverse of the transition temperature displayed
in (a)..
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Figure 1.4.13: a) Free-energy plotted against scaled temperature. The vertical
dashed line marks the transition temperature. (b) Caloric curve for µ = 103. The
horizontal dashed line displays the inverse of the transition temperature displayed
in (a).
The upper branch of the caloric curve, which extends to left of the frame,
represents the gaseous phase which continues up to η̂c . But before that we cross
the inverse temperature η̂t. From the plot of free-energy we can see that at this
temperature the gaseous state changes from global free-energy minima (GFEM) to
local free-energy minima (LFEM), and it here that the the gas changes from stable
to metastable. As discussed in [23], it is suspected that these metastable solutions
are long lived and are therefore physical. Here the branch corresponding to the
condensed phase (the nearly horizontal line in the plot of FE) changes from LFEM
to GFEM. Therefore at this intersection in the free-energy we expect a phase
transition from the nondegenerate (gaseous) phase to the degenerate (condensed)
phase.
Continuing along the upper branch we approach the spiral. Using Poison’s
turning point criteria (described by Katz here [24]) we see that continuing to
traverse the spiral from η̂c there several changes of stability occur. In the canonical
ensemble these stability changes occur where the derivative of the η̂-Λ curve equals
zero. We can see that this happens three times throughout the spiral and its
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unwinding. The first two which occur at η̂c and at the lowest point on the spiral,
and are both indicative of a loss of stability. Then, while the spiral is unwinding,
another change in stability occurs approximately in between the spirals highest and
lowest points. Since the handedness of the turn changes, there is actually a gain in
stability here. Despite this gain in stability, the entire middle branch is composed
of unstable saddle points. More on these changes in stability and their magnitudes
can be found in [24]. These points are made up of a small degenerate nucleus
with negligble mass and energy at the center of the cluster(sometimes called a
”germ” ) surrounded by a dilute gas, all of which is visible in density profiles.
These points always have the highest free-energy at any temperature, as can be
seen in Fig.(1.4.12)(a). At η̂c we find another transition, but of a different kind
than the one at η̂t. This is the temperature where the classical gas would undergo
a gravitational collapse in the canonical assemble. However, pressure of the Fermi
gas arrests the collapse and the system transitions to a core-halo structure as
the free-energy drops from the gaseous branch which are LFEM to the condensed
branch which are GFEM. According to de Vega and Sanchez this transition can
be classified as a ”zeroth order phase transition” [25]. More on nature of these
”collapses” are discussed by Lynden-Bell and Wood in [6].
Let us now consider a small value of degeneracy parameter, a good example
is the N-shaped curve given by µ = 103. As in the case of µ = 105 the gaseous
branch is stable up to η̂t, after which the points along the branch are metastable
up to the inverse temperature η̂c. From Fig.(1.4.13)(a) we see that these solution
pass from GFEM to LFEM at the transition temperature. Between η̂c and η̂t the
points are unstable saddle points and again are mainly gaseous but consist also of
a small ”germ”. Again these points are always free-energy maxima. As η̂ decreases
from η̂t degeneracy becomes significant and we see the condensed phase comprised
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of a core halo-halo structure. As the temperature decreases the degenerate core
increases in size while the gaseous halo becomes more and more dilute. As in the
previous case these points above the transition temperature are LFEM and below
are GFEM.
At T̂t the free-energies of the gaseous and condensed phase cross in a first
order phase transition. Similarly to Maxwell’s construction for a van der Waals
fluid, the equality of the free-energies at the transition temperature implies that
the shaded regions of the caloric curve imposed by the dashed line at the transition
temperature have equal area. At η̂c the system undergoes an ”isothermal collapse”
which is suppressed in the microcanonical ensemble. However, in the canonical
ensemble this ”zeroth order phase transition” still occurs and the nondegenerate
gas ”collapses” to form a large degenerate nucleus which is surrounded by a gaseous
halo.
For smaller values of degeneracy parameter, µ . 82.5, η̂c vanishes along with
the ”isothermal collapse”. It appears that no phase transitions occur for such small
values of µ. In this case, the analysis of such caloric curves is the same as those in
Dσ = 1.
1.5 Density profiles of closed systems at T > 0
The first scaling convention connects FD clusters naturally to MB clusters
in the low-density limit as shown in Sec. 1.2.7. We will use it in the following
to explore the diversity of density profiles at all temperatures. As a consistency
check we shall make contact in each case with the zero-temperature density profiles
calculated (in Sec. 1.3) with use of the second scaling convention.
The focus throughout this section will be on closed systems in the thermody-
namic sense. The number Ñ of particles (with its generalized meaning explained in
Sec. 1.2.3) is finite and fixed. Self-confined clusters of finite mass exist for Dσ = 1
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(planar symmetry) at all temperatures and for Dσ = 2 (cylindrical symmetry)
below a certain critical temperature, but do not exist for Dσ = 3 (spherical sym-
metry) except at zero temperature. We impose wall confinement wherever it is
needed to establish thermal equilibrium. Self-confined clusters for Dσ = 3 do exist
at nonzero temperature, but they have infinite mass.
1.5.1 Asymptotics of self-confined clusters
Here we determine the exact asymptotic decay laws of density profiles at large
distances from the center of a self-confined cluster at nonzero temperature and large
distance from the center. Our analysis, which parallels the analysis carried out in








of (1.2.11) and the normalization (1.2.25). We can thus write,
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Next we assume that the decay rate is sufficiently fast to ensure that the mass is
finite. For power-law decay, that condition is
ρ(r̂) ∼ r̂−(Dσ+ε), ε > 0. (1.5.3)
This guarantees that the integral in (1.5.2) becomes negligibly small at large r̂.
When we also use (1.2.23) with fD/2(ẑ) ∼ ẑ for ẑ  1 we arrive at the following





r̂Dσ−1 = − 2
T̂
. (1.5.4)
Note that this relation is independent of the space dimensionality D for clusters
of given symmetry.
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In the case of self-confined clusters with planar symmetry, which exist at all
temperatures, the solution of (1.5.4) yields exponential asymptotics:
ρ(r̂)as ∼ e−2r̂/T̂ : Dσ = 1. (1.5.5)
The solution of (1.5.4) for clusters with cylindrical symmetry is
ρ(r̂)as ∼ r̂−2/T̂ : Dσ = 2, (1.5.6)
subject to the condition (1.5.3), which implies that the range of temperature is
restricted to 0 < T̂ < 1. We shall see that this decay law is indeed realized, but
only for the more restricted temperature range, 0 < T̂ < 1
2
due to a condition that
is more stringent than the finite-mass condition (1.5.3).
Self-confined clusters with spherical symmetry (Dσ = 3) at nonzero tempera-
ture only exist if they have infinite mass. The leading asymptotic decay of their
density profile is
ρ(r̂)as ∼ 2r̂−2 : Dσ = 3 . (1.5.7)
1.5.2 Planar symmetry: Dσ = 1
Here we analyze density profiles of FD clusters with planar symmetry (Dσ = 1)
in D = 1, 2, 3 dimensions. We solve the following set of equations for the fugacity









D/2−1 fD/2(ẑ) = 0 (1.5.8a)




dr̂ fD/2(ẑ) = 1, (1.5.8b)
ρ(r̂) = gsT̂
D/2fD/2(ẑ). (1.5.8c)
From [20] we know that an unconfined MB cluster with planar symmetry
remains stable against evaporation or gravitational collapse at any nonzero tem-
perature. The exact density profile inferred from the solution of the ODE (1.2.83)
61










That ODE follows from (1.5.8a) in the low-density limit, where fD/2(ẑ) ẑ is sat-
isfied. With decreasing T̂ , ρ(r̂)MB gradually becomes narrower and more strongly
peaked at the central plane of the cluster. Deviations of the FD density profile
to be investigated below for D = 1, 2, 3, from the MB result (1.5.9) are expected
to first emerge gradually wherever the density becomes high. Note that the exact
FD asymptotics (1.5.5) is also realized in the MB profile (1.5.9), which is to be
expected because at low-density the FD gas is indistinguishable from the MB gas.
Spatial dimension D = 1
The solution of (1.5.8) produces exponentially decaying profiles. A sufficiently
large radius of confinement R̂ as employed for the numerical analysis throughout
Sec. 1.5.2, yields precision profiles representing self-confined clusters at any finite
temperature. In order to connect with the MB profile (1.5.9) at high T̂ we plot
in Fig. 1.5.1 (left) T̂ ρ vs r̂/T̂ . We observe that the FD profiles converge toward
the MB profile fairly uniformly in the high-T̂ limit. The density at the center of
the cluster diminishes in value proportional to T̂−1 and the region of space that
contains most of the mass grows proportional to T̂ .
We use relations (1.2.65) to convert the scaling of the T̂ = 0 result originally
plotted in in Fig. 1.3.1 for use in Fig. 1.5.1. For the case at hand we thus have








r̂0 = 0.65679..., µ̂0 = 0.76161... (1.5.11)
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T = 0.5, 0.25, 0.1, 0
Dσ = D = 1
FD
Figure 1.5.1: Differently scaled density profiles of the FD gas in Dσ = D = 1 at
high T̂ (left) and low T̂ (right). The dashed line on the left represents the MB
profile (1.5.9). The dashed line on the right represents a rescaled rendition of the
T̂ = 0 profile calculated in Sec. 1.3.1.
for the rescaled cluster radius and the rescaled chemical potential at the center of
the cluster. Note that at T̂ = 0.1 the gas is almost completely degenerate except
in a thin shell around radius r̂0. It is useful to be reminded of the fact that the
FD gas can be fully degenerate at very different densities in one and the same
cluster. Nothing singular happens when the cluster is heated up quasistatically. It
gradually expands. The density first evens out and then thins out everywhere.
When we plot the FD density profiles as calculated from (1.5.8) logarithmi-
cally, we can visualize the asymptotic decay law (1.5.5) as is done in Fig. 1.5.2
across a range of T̂ .
Spatial dimension D = 2
What effects do we expect to see when we keep the planar symmetry of the
cluster but increase the dimensionality of space? The MB profile (1.5.9) is inde-
pendent of D. That profile is approached at high T̂ by the FD gas very similarly
in dimension D = 2 [Fig. 1.5.3]. Convergence is somewhat faster than in D = 1
[Fig. 1.5.1], which is hardly surprising.
The dependence on D of the density profile becomes much stronger at low
temperature as is evident when we compare the panels on the right of the same
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Figure 1.5.2: Density profiles in log plot of self-confined FD clusters forDσ = D = 1
across a range of T̂ . The dashed lines represent the asymptotics (1.5.5).
figures. We again numerically solve Eqs. (1.5.8) and see how the resulting profiles
approach the T̂ = 0 profile determined in Sec. 1.3.2. For that purpose we again














= 0.78539..., µ̂0 = 1 (1.5.13)
for the rescaled cluster radius and the rescaled chemical potential at the center of
the cluster. Quasistatic heating up from T̂ = 0 again produces gradual changes in
the density profile.
It is noteworthy that the singularity of the T̂ = 0 density profile at r̂0 varies
with D but the decay asymptotic at T̂ > 0 does not. The latter is the exponential
decay law (1.5.5), which is characteristic for planar symmetry in D = 1, 2, 3. In
Fig. 1.5.4 we show a logarithmic plot of solutions of Eqs. 1.5.8 at different tempera-
tures along with the leading exponential decay term. The agreement is convincing
and the behavior is not only qualitatively but also quantitatively the same as in
D = 1 [Fig. 1.5.2].
64
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T = 0.5, 0.25, 0.1, 0
Dσ = 1, D = 2
FD
Figure 1.5.3: Differently scaled density profiles of the FD gas in Dσ = 1, D = 2
at high T̂ (left) and low T̂ (right). The dashed line on the left represents the MB
profile (1.5.9). The dashed line on the right represents a rescaled rendition of the
T̂ = 0 profile calculated in Sec. 1.3.2.















Figure 1.5.4: Density profiles in log plot of self-confined FD clusters for
Dσ = 1, D = 2 across a range of T̂ . The dashed lines represent the decay asymp-
totics (1.5.5).
Spatial dimension D = 3
The step from D = 2 to D = 3 produces, at high temperatures, an even faster
approach toward the (D-independent) MB behavior, as is evident in a comparison
of the panels on the left of Figs. 1.5.3 and 1.5.5.
At low T the approach of the solution of (1.5.8) toward the T = 0 profile pre-
sented in Sec. 1.3.3 is equally convincing as in the previous cases, thus confirming
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FD
Figure 1.5.5: Differently scaled density profiles of the FD gas in Dσ = 1, D = 3
at high T̂ (left) and low T̂ (right). The dashed line on the left represents the MB
profile (1.5.9) and the dashed line on the right represents a rescaled rendition of
the T̂ = 0 profile calculated in Sec. 1.3.3.
r̂0 = 0.901552..., µ̂0 = 1.22523... (1.5.15)
We again observe that the singularity of the T̂ = 0 density profile at r̂0 is weaker
than in D = 2, which, in turn, was weaker than in D = 1. Yet the decay asymp-
totics (1.5.5) at T̂ > 0 is independent of D.
1.5.3 Cylindrical symmetry: Dσ = 2
Density profiles of FD clusters with cylindrical symmetry, Dσ = 2, in spatial
dimensions D = 2, 3 are being analyzed in this section. Our task is to find the














D/2−1 fD/2(ẑ) = 0 (1.5.16a)




dr̂ r̂ fD/2(ẑ) = 1, (1.5.16b)
ρ(r̂) = gsT̂
D/2fD/2(ẑ). (1.5.16c)
Consider first an MB cluster in a wall-confined space of radius R̂. It is known






However, wall-confinement is necessary to stabilize the gas against evaporation at
all T̂ > T̂MB. If the MB gas is confined inside radius R̂ of a disk in D = 2 or a long
cylinder in D = 3 its (azimuthally symmetric) density profile is exactly known as








(r̂/R̂)2 + 2T̂ − 1
]2 . (1.5.18)
A one-parameter family of density profiles exist in the combined limit,
T̂ → T̂MB, R̂→∞,
T̂ 2
2R̂2(2T̂ − 1)
→ c > 0, (1.5.19)











This includes the collapsed state (c → ∞) and the evaporated state (c → 0) as
extreme cases. Note that the density profile (1.5.20) of this precarious MB state
without wall confinement does exhibit the predicted power-law asymptotics (1.5.6).
From the shape of the MB profile (1.5.18), whose maximum (at r̂ = 0) rises
and then diverges as T̂MB is approached from above, it is clear that the effects of
FD statistics become important before any MB collapse takes place. Unlike the
MB gas, the FD gas will not undergo gravitational collapse. The deviations of
the FD density profiles from their MB counterparts upon quasistatic cooling turns
out to be somewhat similar to those described previously for the self-gravitating
lattice gas [20].
Cylindrical symmetry can be realized in spatial dimensions D = 2, 3, which
we will discuss separately. We again begin the analysis of density profiles with
checking the benchmarks previously established in the high-temperature and low-
temperature limits. Then we search for features at intermediate temperatures
already identified in caloric curves (Sec. 1.4.4). Unlike in systems with planar
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symmetry, stability against evaporation is no longer guaranteed. It is safe to
predict that the FD gas is stable against evaporation at T̂ < T̂MB just as the ILG
was shown in [20] to be.
Spatial dimension D = 2
Connecting the solutions of (1.5.16) with the MB result (1.5.18) graphically
requires a different kind of rescaling from what did the trick in the cases of planar
symmetry. Our result is shown in the panel on the left of Fig. 1.5.6. The tem-
perature range where convergence of the FD profiles with the MB profile occurs
depends, of course on the choice of the scaled radius R̂. We have chosen a relatively
large value, with the consequence that convergence happens not far above T̂MB.










T = 0.525, 0.55, 0.575, 0.6
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T = 0.4, 0.3, 0.2, 0.1, 0
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FD
Figure 1.5.6: Scaled density profiles of the FD gas in Dσ = D = 2 at T̂ > T̂MB
in a disk-shaped space of scaled radius R̂ (left) and at T̂ < T̂MB in an unconfined
space (right). The dashed line on the left represents the MB profile (1.5.18) and
the dashed line on the right represents a rescaled rendition of the T̂ = 0 profile
discussed in Sec. 1.3.4.
Rescaling of a different kind is needed to connect the solutions of (1.5.16) with
the T̂ = 0 profile calculated in Sec. 1.3.4. The conversion relations of units between








r̂0 = 0.85023..., µ̂0 = 1.60198... (1.5.22)
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For the numerical solutions of (1.5.16) we have again used R̂ = 20 but at T̂ < 0.5
wall confinement would not have been necessary. The results that show conver-
gence in the zero-temperature limit are shown in the panel on the right of Fig. 1.5.6.
Note that the values of T̂ used are all below T̂MB, where the MB gas would al-
ready have collapsed. The FD density profiles at T̂ < T̂MB exhibit the predicted
power-law asymptotics (1.5.6) as is visualized in Fig. 1.5.7.















Figure 1.5.7: Density profiles in log-log plot of self-confined FD clusters for Dσ =
D = 2 across a range of T̂ . The dashed lines represent the power-law asymptotics
(1.5.6).
The presence of self-confinement at T̂ < T̂MB and its absence at T̂ > T̂MB
are illustrated in Fig. 1.5.8 from a different angle as was done in Ref. [20] for the
ILG. When we widen the space for the gas at constant subcritical temperature
T̂ = 0.45 by isothermally increasing the radius of wall confinement R̂, the profile
shows virtually no response [dashed line in Fig. 1.5.8(a)]. At that temperature,
self-confinement is robust.
However, when we perform the same kind of isothermal expansion at the
critical temperature T̂ = T̂MB [solid lines in Fig. 1.5.8(a)] the density profile does
exhibit the characteristic ∼ r̂−4 power-law decay over a range of r̂ that increases
with R̂. The critical profile also shows a flat portion of increasing width and
decreasing height around the center of the cluster. Self-confinement is evidently no
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FD, Dσ = D = 2































Figure 1.5.8: Density profiles for the FD cluster with Dσ = D = 2 and wall
confinement at radius R̂ =
√
µ/8 [see (1.2.81)] and at temperatures (a) T̂ = 0.45
(dashed line), T̂ = 0.5 (solid lines) and (b) T̂ = 0.55.
longer operational at criticality. Above the critical temperature, e.g. at T̂ = 0.55
as shown in Fig. 1.5.8(b), the profile flattens out over a much wider region. The
only evidence of gravity is the reduced density near the wall.
Spatial dimension D = 3
As expected, when we increase the spatial dimension to D = 3, which, in
fact, is more realistic in an astrophysical context, we see only minute changes in
the approach to the MB profile [Fig. 1.5.9, panel on the left] but more substantial
changes in the low-temperature limit [Fig. 1.5.9, panel on the right]. The pertinent







r̂0 = 0.92116..., µ̂0 = 1.88482... (1.5.24)
The additional materials presented in Sec. 1.5.3 for D = 2 are expected to undergo
only little change when transcribed to D = 3.
We conclude Sec. 1.5.4 with a summary of the main difference MB clusters
and FD clusters with cylindircal symmetry. Irrespective of statistics, confinement
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T = 0.525, 0.55, 0.575, 0.6
FD, Dσ = 2, D = 3
R = 20










T = 0.4, 0.3, 0.2, 0.1, 0
Dσ = 2, D = 3
FD
Figure 1.5.9: Scaled density profiles of the FD gas in Dσ = 2,D = 2 at T̂ > T̂MB
in a cylindrical space of scaled radius R̂ (left) and at T̂ < T̂MB in an unconfined
space (right). The dashed line on the left represents the MB profile (1.5.16) and
the dashed line on the right represents a rescaled rendition of the T̂ = 0 profile
discussed in Sec. 1.3.5.
is necessary to prevent evaporation at high temperature. Upon lowering T̂ , we
see a gradual shift from a flat density profile toward one with a high-density core
surrounded by a low-density halo. Here is where the difference in statistics begins
to have an impact.
In the MB cluster, the central density grows without bound and, at the point
of divergence, realized at temperature T̂MB, triggers a gravitational collapse. FD
statistics with its built-in exclusion principle, by contrast, counteracts a runaway
increase of density and stabilizes a nontrivial density profile in the zero-temperature
limit. The halo thins out gradually and disappears.
There are no mechanical instabilites or other abrupt changes upon cooling
an FD cluster or heating it up quasistatically. The exception is the case with
no confinement. When an FD cluster is heated up from zero temperature in the
absence of a confining wall, then it evaporates at T̂MB as an MB cluster would. At
that temperature, the density in the FD gas is very low everywhere.
The presence of confinement, if it is sufficiently wide, makes it possible to
observe, as the temperature is being raised, a crossover between density profiles
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that can be interpreted as incipient evaporation. Within a relatively short interval,
the density profile changes from a core/halo variety to flat variety. This crossover
can also be seen in the caloric curves, where Ê changes more rapidly across a
narrow interval of η̂ than on either side of that interval.
In the next section we shall see that the change from cylindrical to spherical
symmetry impacts both the MB and the FD clusters qualitative but in different
ways.
1.5.4 Spherical symmetry: Dσ = 3
Density profiles of FD clusters with spherical symmetry (Dσ = 3) in spa-
tial dimension D = 3 are calculated from the physically relevant solutions of the














1/2 f3/2(ẑ) = 0 (1.5.25a)




dr̂ r̂2 f3/2(ẑ) = 1, (1.5.25b)
ρ(r̂) = gsT̂
3/2f3/2(ẑ). (1.5.25c)
These solutions, which require wall confinement at all nonzero temperatures, offer
much variety and complexity.
The behavior of the MB gas again serves as a useful anchor point. A solution
of (1.2.85) is found to exist only for (scaled and rescaled) temperature T̃
.
= R̂T̂
above the threshold value T̃C = 0.794422 . . .. The stability against gravitational
collapse persists to lower temperature when the gas has more room to spread out.
The scaled threshold temperature T̂C approaches zero as the radius of confinement
approaches infinity [20]. In that limit, the density ρ flattens out to zero everywhere.
It is important to recognize the difference between the MB profile in Dσ =
3 as it approaches T̂C from above [see Fig. 8 of Ref. [20]] and the MB density
profile in Dσ = 2 as it approaches T̂MB from above [see Eq. (1.5.18)]. The former
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profile remains broad with the gas still pushing against the wall at the point of
gravitational collapse. The latter profile gradually turns into a δ-function.
This difference governs the response of fermions in corresponding situations.
Unlike in Dσ = 2, where the exlusion principle prevents the fermions to get any-
where near the cliff of the mechanical instability, that is not the case in Dσ = 3,
where it happens at moderate densities. Yet the outcome of the instability is very
different for particles with MB or FD statistics. MB particles collapse into a state
of infinite density, whereas FD particles transition into a different density profile
with a high density core and a low-densit halo. Here we have a sort of collapse
arrested halfway by the eclusion principle.
We begin our analysis of the FD gas in Dσ = D = 3 by making contact with
the high-T and low-T anchor points as in previous cases. In the panel on the left
of Fig. 1.5.10 we compare density profiles of the FD gas with those of the MB gas
at the same scaled temperature for a case where the latter is stable against grav-
itational collapse. The rescaling is informed by (1.2.84). Technically, we compare
solutions of Eqs. (1.5.25) with solutions of corresponding equations that replace
any occurrence of f(z) by z. As we lower T̂ , the defenses against compression are
getting weaker in the MB and stronger in the FD gas. The impending collapse of
the former is quite apparent.
Establishing contact between solutions Eqs. (1.5.25) and the universal density
profile for a spherical FD cluster at zero temperature as worked out in Sec.1.3.6







r̂0 = 0.933053..., µ̂0 = 2.88566... (1.5.27)
We again observe uniform convergence, which confirms the consistency and use-
fulness of our scales.
73










T = 0.16, 0.18, 0.2
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R = 5










T = 0.5, 0.4, ..., 0.1, 0
Dσ = D = 3
FD, R = 1
Figure 1.5.10: Scaled density profiles of the FD gas in Dσ = D = 3 in a spherical
space of scaled radius R̂. The panel on the left pertains to cases for which the
MB gas (represented by dashed lines) is stable against gravitational collapse. The
panel on the right illustrates the approach of the universal zero-temperature density
profile (dashed line).
Next we focus on how the density profiles evolve between the high-temperature
regime depicted in panel (a) and the low-temperature regime shown in panel (b)
of Fig. 1.5.10. We have identified two regimes of wall confinement that produce
qualitatively different results. Similar regimes were previously identified in the ILG
[20]. In regime (i) for small R̂, the density profile is unique at all temperatures
and evolves gradually between the high-T̂ MB profile and the self-confined Fermi
ball in the low-T̂ limit. In regime (ii) for large R̂, on the other hand, there exists a
temperature interval with multiple coexisting solutions. No continuously varying
density profile across that interval can be constructed from these solutions. Some
abrupt change appears to be inevitable when the system is quasistatically heated
up or cooled down across this temperature interval.
In the following we compare one case from each regime. We pick R̂ = 2 for
regime (i) and R̂ = 4 for regime (ii). Note the relation (1.2.81) between scaled





The values of the degeneracy parameter for the two cases under scrutiny are
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Figure 1.5.11: Fugacity ẑ0 at the center of the cluster versus scaled temperature
T̂ for the cases with R̂ = 2 (µ = 54.16) on the left and R̂ = 4 (µ = 153.2) on the
right.
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Figure 1.5.12: Density profiles at specific scaled temperatures T̂ for the cases with
R̂ = 2 (µ = 54.16) on the left and R̂ = 4 (µ = 153.2) on the right. The three
sets of profiles on the right are labeled ρg (gas phase), ρi (intermediate, unstable
profile), and ρs (solid phase with gaseous halo) [from bottom up at r̂ = 0].
µ = 54.16 and µ = 153.2, respectively. In case (i) the ẑ0 is a single-valued mono-
tonic function of T̂ and in case (ii) a multiple-valued monotonic function. Hence,
the inverse function is single-valued in both cases. The local minimum and local
maximum of the inverse function in case (ii) occur at temperatures T̂L and T̂H,
respectively. At these values, there exist two coexisting density profiles. For all T̂
between these two values, there exist three coexisting profiles.
In Fig. 1.5.12 we show how the density profile evolves across a range of tem-
75
peratures for the two cases from regimes (i) and (ii). The panel on the left depicts
profiles across an interval of T̂ where the most rapid (yet still gradual) change
occurs. As T̂ is being lowered, dominance shifts gradually from thermal fluctu-
ations (dispersing agent) to gravity (aggregating agent). The latter is, in turn,
counteracted by the exclusion principle (agent akin to steric repulsion).
In the panel on the right we show three coexisting density profiles for tem-
peratures from the interval T̂L < T̂ < T̂H. In this case, lowering T̂ has a more
dramatic effect. At T̂ > T̂H the only solution is a flat profile ρg, similar to the ones
shown. The profile ρg represents a gaseous phase. At T̂H two additional solutions
emerge. Initially they are identical, then evolve differently. The solution ρs repre-
sents a solid cluster surrounded by a gaseous halo. The solution ρi (shown dashed)
represents an unstable intermediate profile.
Near and below T̂H the solution ρg is stable and the solution ρs is metastable.
At some point T̂t between T̂H and T̂L, the stability status between the solutions
switches. Here the free energies associated with the profiles ρg and ρs cross each
other while the unstable profile ρi has a higher free energy. Below T̂t the stable
profile is ρs. It will gradually evolve into the T = 0 profile analyzed earlier.
The metastable solution ρg and the unstable solution ρi merge at T̂L, where both
disappear.
Notice the similarity to and difference from the MB gas. Cooling precipitates
an abrupt change in both cases. In the MB case that change is a gravitational
collapse. In the FD case, it is a partial collapse arrested midway by the repulsive
short-range interaction, which is rooted in the exclusion principle. It is tempting
to identify the temperature T̂t as the point of a first-order transition and the
temperatues T̂H, T̂L as spinodal points.
Decreasing the value of R̂ within regime (ii) makes the values of T̂H and T̂L
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move closer together. They merge into T̂c at the border to regime (i). This marks
the critical point at the end of a coexistence curve. Empirically, we have found that
this takes place at the following value for the radius of confinement (or degeneracy
parameter):
R̂c = 2.65466, µc = 82.8255. (1.5.29)
The value of µc is in good agreement with prior work [26, 27]. It has been reasoned
in Refs. [26, 27] and elsewhere that the lifetime of metastable states such as are
realized here are extremely long. For all practical purposes, they can be treated
as stable macrostates.
The argument for the long lifetime is based on the absence of fast processes
that convert the metastable profile into the stable profile. The conversion, if real-
ized at all, would imply the transport of significant amounts of matter over signifi-
cant energy barriers across large distances. The nucleation of a phase change from
one to the other of the two coexisting profiles would require a level of fluctuations
that is unavailable in the face of long-range gravitational interactions. Nucleation
probabilities contain factors ∼ e−N , which extend the lifetime of the metastable
states beyond astronomical measures.
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CHAPTER 2
Self-Gravitating Bose-Einstein Clusters with Planar, Cylindrical, and
Spherical Symmetry
2.1 Introduction
The thermodynamics of self-gravitating systems has long been studied and
continues to fascinate due to its richness and complexity [1, 2, 3]. The study of
self-gravitating systems was pioneered by Anotonov [4] who considered nonrela-
tivistic classical particles. The framework developed by Antonov [4] was utilized
in the study stellar structure [5, 6]. Lynden-Bell and Wood [7] extended the works
of Antonov in their studies on isothermal spheres where they provided physical
insight to Antonov’s previous discoveries. As studies in the field of stellar struc-
ture progressed it was natural to want to investigate similar systems made up of
quantum particles.
The study of self-gravitating systems of fermionic matter is well established
[6, 8, 9], particularly in the use of modeling white dwarf stars and the stellar
interior. However, in recent history systems of self-gravitating bosons have become
of increased interest in the modeling of theoretical astronomical objects. The
earlier works involving self-gravitating bosons focused on the determination of the
ground state in the framework of Newtonian gravity and general relativity, which
led to the concept of boson stars [10, 11, 12].
The Bose-Einstein condensate (BEC) which forms at low temperatures can
be described in general relativity using the Klein-Gordon-Einstein equations
[13, 14, 15, 16], or by the Schrödinger-Poisson equations in the case of Newto-
nian gravity [17]. Each method of describing the BEC has its merits. A general
relativistic approach is well suited for the description of boson stars and other
stellar structures with massive, dense cores. However, a Newtonian approach is
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sufficient in describing dark matter halos made up of ultralight bosons [18, 19, 20].
Despite the seemingly vast number of astrophysical applications there exists few
studies in the literature on self-gravitating bosons. In what follows, we aim to
provide an exhaustive description of the equilibrium states, phase transitions, and
condensation process of such clusters in a nonrelativistic regime which are satisfied
by Newtonian gravity.
2.2 Fundamentals
The fundamental ingredients to this project are twofold, one pertaining to a
condition of thermal equilibrium and the other to a condition of mechanical equi-
librium. The former is represented by an equation of state (EOS) relating (local)
pressure and density with (global) temperature. The latter is represented by an
equation of motion (EOM), here balancing pressure against gravity in hydrostatic
equilibrium.
Implied in this scheme is the validity of mean-field assumptions, which are
supported by previous studies dedicated to this question. The mean-field simplifi-
cation owed to the long-range gravitational force comes at the cost of a complica-
tion, namely the inequivalence of ensembles. The associated caveats for this study
will be addressed as they arise.
2.2.1 Thermal equilibrium




= gs gD/2+1(z), (2.2.1a)
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, 0 ≤ z ≤ 1 (2.2.3)
the (polylogarithmic) BE functions (see Appendix A.2).
The entropy expression can be inferred from (2.2.1) via Euler’s equation, U =









gD/2+1(z)− ln z gD/2(z). (2.2.4)
Throughout this study, except when noted otherwise, Eqs. (2.2.1) are assumed
to hold locally in the gaseous part of a BE cluster over distances that are short
compared to the length scale used to characterize density profiles.
2.2.2 Mechanical equilibrium
In a cluster of self-gravitating gas at equilibrium, the temperature T is uniform
but the pressure p and the particle density ρv acquire profiles to satisfy mechanical
stability. For the geometric characterization of clusters we employ two discrete
parameters: D associated with the dimensionality of the space and Dσ associated
with the symmetry of the cluster.
We consider clusters with planar symmetry (Dσ = 1) in dimensionsD = 1, 2, 3,
clusters with cylindrical symmetry (Dσ = 2) inD = 2, 3, and clusters with spherical
symmetry (Dσ = 3) in D = 3. In all cases, the relevant profiles are functions of
the distance r from the center of the cluster. For Dσ = 1, the center is a point, a
line, or a plane in D = 1, 2, 3, respectively. For Dσ = 2, the center is a point or a
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line in D = 2, 3, respectively. For Dσ = 3, the center is a point (in D = 3). We
thus write ρv(r), p(r), and z(r), for the radial profiles of particle density, pressure,
and fugacity, respectively.
The total number of particles in a finite cluster is obtained from the density







where R is the radius of the confining wall, L the length of the cylinder or of the








2 : D = 1,
2π : D = 2,
4π : D = 3,
(2.2.6)
is the surface area of the D-dimensional unit sphere. Sufficiently large values of L
guarantee that deviations from the symmetry assumed to hold are negligible.
The mechanical equilibrium is governed by a static solution of the EOM,
expressed by the relation,
d
dr
p(r) = mρv(r)g(r), (2.2.7)
where m is the boson mass, and the gravitational field g(r) is inferred from Gauss’
law as follows:

















2.2.3 Differential equation for fugacity profile

































gD/2(z) = 0. (2.2.12)
The profiles for pressure and density then follow directly.
For (thermodynamically) open BE gas clusters of finite and infinite mass, the
boundary conditions are
z′(0) = 0, 0 < z(0) = z0 ≤ 1, (2.2.13)
with the (average) total mass, Nm, provided it is finite, inferred from (2.2.5).
Closed systems of finite mass Nm may not exist without confinement such as
imposed by a wall at R < ∞. For systems with Dσ < D it is useful introduce a











dr rDσ−1gD/2(z) = 1. (2.2.15)
1Equation (2.2.10) is more general than Eq. (2.2.1a) for the characterization of pressure pro-
files. The latter is an integral version of the former, restricted to cases where z(r) is a continuous
function. In mechanically stable macrostates with phase boundaries, the profiles z(r) and ρv(r)
can be discontinuous but the pressure profile p(r) must be continuous. This requirement can be
accommodated by (2.2.10) but not by (2.2.1a).
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In macrostates consisting of a BEC core surrounded by a gaseous halo, the gas
component is still described by the ODE (2.2.12), but with modified boundary
conditions as explained below.
2.2.4 Scaled variables for gaseous phase
The physics of self-gravitating BE gas clusters unfolds on a characteristic
length scale and a characteristic energy (or temperature) scale. The scaling con-
vention adopted in this work captures the relevant physical length scale and tem-
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Relations (2.2.17) and (2.2.18) determine rs and Ts as functions of particle mass
m, and total mass mtot = Nm for cases with Dσ = D. If Dσ < D the total mass
must be replaced by
m̃tot = Ñm, (2.2.19)
which can still be used as a measure for how massive the cluster is. It is instructive
for later to rewrite the relation between length scale and energy scale contained in








Expressed in the dimensionless variables thus defined and including the relation
ẑ(r̂)
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gsgD/2(ẑ) = 0, (2.2.21)




dr̂ r̂Dσ−1gD/2(ẑ) = 1. (2.2.22)
It is convenient to use the dimensionless density,
ρ(r̂)
.
= λDTsρv(r̂) = gs T̂
D/2gD/2(ẑ), (2.2.23)




dr̂ r̂Dσ−1ρ(r̂) = 1. (2.2.24)

















The results for the cases considered in this work simplify as follows:
















































 Dσ = 1, D = 3:































 Dσ = 2, D = 3:
kBTs = G3m

































In the limiting case where the gas is dilute throughout the cluster, implying
that ẑ  1 everywhere, we can simplify (2.2.23) into
ρ(r̂) gsT̂
D/2ẑ, (2.2.39)
















ρ = 0, (2.2.40)
directly for the density with equivalent boundary conditions, ρ(0) = 0 and (2.2.24).
The ODE (2.2.40) is well known to be characteristic of the Maxwell-Boltzmann
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(MB) gas. In Ref. [21] the MB gas emerged (with Dσ = D) in the dilute limit of
the ideal lattice gas. The scaled variables remain the same but the length scale is
different. Here we use the volume unit λDTs replacing the lattice-gas cell volume Vc.
It is noteworthy that the ODE (2.2.40) and its physically relevant boundary
conditions only depend on Dσ but not on D. This was also the case for the ideal
lattice gas, but is not the case for quantum gases. The ODE (2.2.40) is invariant
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.






which the more general ODE (2.2.21) is not. For the special case r̂t = R̂, this















ρ̃ = 0, (2.2.42a)
ρ̃′(0) = 0, Dσ
∫ 1
0
dr̃ r̃Dσ−1ρ̃(r̃) = 1. (2.2.42b)
This universality does not hold for quantum gas clusters. We shall find qualitia-




We shall see that the ODE (2.2.21) has multiple solutions with physically
meaningful boundary conditions in some cases. The stability status of those solu-
tions must then be determined separately. Caloric curves and free-energy compar-
isons are common tools for that purpose. Here we develop key ingredients to these
tools: entropy, internal energy, and Helmholtz free energy.
The two terms of the internal energy in the current context,
E = U + US, (2.2.43)
are the kinetic energy U and the gravitational self-energy US. The last term in the
Helmholtz free energy,
F = U + US − TS = E − TS, (2.2.44)
includes the entropy S. We can express U and S as integrals over the space
occupied by the cluster of the kinetic energy density (2.2.1c) and the entropy
density (2.2.4). The potential energy US is a more complicated integral expression,
for which there are multiple renditions as described below.
The kinetic energy in 1 ≤ Dσ ≤ D ≤ 3 follows directly from (2.2.1c) integrated

























gD/2+1(z)− gD/2(z) ln z
]
. (2.2.46)















assumed to be uniform throughout the cluster, which is part of the mean-field


























dx a(z, x), (2.2.50)






































Integrating the last term by parts then yields the compact expression (2.2.46).
What happens to the entropy density when the fugacity reaches its critical
value, z(r) → 1? It is readily shown, using (A.2.6), that the second term inside
the square bracket of (2.2.46) approaches zero whereas the first term approaches























Given the prefactor in (2.2.46) it can be concluded that the critical entropy density
is nonzero provided the critical temperature is nonzero.
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It is useful to establish an explicit relation between fugacity z(r) and gravita-







which, upon integration, becomes
z(r) = z(0) e−βm[U(r)−U(0)]. (2.2.54)




































gD/2+1(ẑ)− ln ẑ gD/2(ẑ)
]
. (2.2.57)
The gravitational self-energy US is best analyzed case by case for all six com-
binations of 1 ≤ Dσ ≤ D ≤ 3. In all cases we choose a BEC with uniform density
as the reference state. All evidence suggests that the density of the BEC is much
higher than the density of the gas with which it might coexist. It is, therefore,
reasonable to assume that any mixed-phase equilibrium state consists of a BEC
core and a gaseous halo.
Our choice of reference state – the BEC with uniform and high but finite
density – can accommodate generalizations that involve a BEC with non-uniform
density profile. The condition of mechanical stability requires that the minimum
BEC density is not lower than the maximum gas density. In Dσ > 1, this reference
state plays a regularizing role against divergent contributions to internal energy
and free energy. The schematic drawn in Fig. 2.2.1 is meant to facilitate the













Figure 2.2.1: Differential dUS in gravitational self-energy calculated as work per-
formed against gravity when a thin layer of mass dm is translocated from radius
r1 to radius r2. The process begins with r1 = rc (radius of the pure BEC state)
and ends with r1 = rb (mixed state). For pure gas states we set rb = 0.
Dσ = 1, D = 1
We first consider a pure gas. The derivation retraces the steps carried out
in Appendix A of [21] for the ILG. However, the scaling conventions are different
here. We specifically use










and the aforementioned model reference state,
ρ(0)m (r) = ρ
(c)




The derivation assumes the inequality, r2 > r1, which is guaranteed for non-critical
density profiles of the gas provided we choose the value of rc sufficiently small.






dm = 2ρ(c)m dr1 = 2ρm(r2)dr2, (2.2.61)
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The equality of the second terms in (2.2.66b) and (2.2.66c) follows from the fol-






























Note that r̂c now only appears as an additive constant, which makes ∆US between
macrostates independent of the refererence state as should be the case.
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The first term in (2.2.66c), which involves a double integral, can be reduced








This relation already reduces the double integral to a single integral. However, we




















































where the last step involved an integration by parts. This simplified expression
can also be inferred from the virial theorem [refs].
Now consider a scenario where, at a given temperature T̂ , a two-phase solu-
tion is expected to be realized. Our modeling assumes a uniform density for the
condensate. The value of that density determines, via (2.2.59), the radius r̂c of a
pure BEC. The mass fraction of the condensate in the mixed state is governed, on







where r̂b is the (scaled) radius of the BEC in a mixed-phase macrostate. Our
goal is to find the value of r̂b for which the two-phase solution has the lowest-free
energy. We must solve the ODE (2.2.21) for the gaseous halo with modified bound-
ary conditions. The first boundary condition, ẑ(r̂b), follows from the (adapted)
normalization condition, ∫ R̂
r̂b




The second boundary condition, ẑ′(r̂b), follows from condition of hydrostatic equi-






g(rb), g(rb) = −G1mBEC. (2.2.73)







It is expected that the two conditions (2.2.72) and (2.2.74) in combination with
free-energy minimization determine the value of r̂b uniquely for any temperature
T̂ ≤ T̂c. However, multiple solutions cannot be ruled out.
The BEC carries no entropy and the ground-state kinetic energy is absorbed
in the reference value. Hence the integral (2.2.57) for Û − T̂ Ŝ now starts from
r̂b. The modifications in the expression for US are more substantial. Integrating
(2.2.61) with different boundary yields
Nm
rc











In expression (2.2.65) the only change is that lower integration boundary now


















It reduces to (2.2.66) in the limit r̂b → 0 pertaining to a pure gas. The scaled
radius r̂c is a temperature-independent parameter.
For all practical purposes, it is justified to set the radius of the BEC equal
to zero on the length scale used here: r̂c → 0. Elsewhere we have shown that a






which is tiny in a cluster of macroscopic size. There are no short-distance singular-
ities to worry about in Dσ = 1. When we thus (justifiably) assume that the BEC
has a negligible extension, the analysis of mixed states is simplified considerably.
We can use the last expression of (2.2.70) with r̂c = 0. The boundary condition
for the ODE (2.2.21) become∫ R̂
0
dr̂ ρ(r̂) = 1− mBEC
mtot





instead of (2.2.72) and (2.2.74).
Dσ = 1, D = 2
This case maintains the same (planar) symmetry and adds one spatial dimen-
sion. We retrace each step taken in Sec. 2.2.6 with minimum text.
Scaling conventions:
ρ = λ2Tsρv, ρm = mρv, m̃tot = Ñm, Ñλ
2







ρ(0)m (r) = ρ
(c)










dm̃ = 2ρ(c)m dr1 = 2ρm(r2)dr2, (2.2.82)































































































































































Dσ = 1, D = 3
Same (planar) symmetry, another spatial dimension added.
Scaling conventions:
ρ = λ3Tsρv, ρm = mρv, m̃tot = Ñm, Ñλ
3







ρ(0)m (r) = ρ
(c)











dm̃ = 2ρ(c)m dr1 = 2ρm(r2)dr2, (2.2.100)































































































































































Dσ = 2, D = 2
Here we switch to cylindrical symmetry and begin with the lowest dimension-
ality for which this symmetry is realized.
Scaling conventions:
















ρ(0)m (r) = ρ
(c)













m dr1 = 2πr2ρm(r2)dr2, (2.2.118)








Change of gravitational potential across mass gap:


















































































dr̂ r̂ρ(r̂)σ2(r̂) = 1. (2.2.125)
Note again that r̂c only appears as an additive constant. Second simplification











































































Dσ = 2, D = 3
Same (cylindrical) symmetry wth one spatial dimension added.
Scaling conventions:











ρ(0)m (r) = ρ
(c)













m dr1 = 2πr2ρm(r2)dr2, (2.2.136)








Change of gravitational potential across mass gap:












































































dr̂ r̂ρ(r̂)σ2(r̂) = 1. (2.2.143)
Second simplification reduces double integral implied in (2.2.142) into a single






































































Dσ = 3, D = 3
The lowest dimensionality for which spherical symmetry (Dσ = 3) is realized
is D = 3.
Scaling conventions:
















ρ(0)m (r) = ρ
(c)













m dr1 = 4πr
2
2ρm(r2)dr2, (2.2.153)








Change of gravitational potential across mass gap:






















































































The equality of the second terms in (2.2.158b) and (2.2.158c) is a consequence of

























Note again that r̂c is an additive constant.




































































where the last step involved an integration by parts. This simplified expression

























































This expression reduces to (2.2.158) in the limit r̂b → 0 pertaining to a pure gas.





2.2.7 Asymptotics of self-confined clusters
Self-confined BE clusters of finite mass exist at nonzero temperature for planar
symmetry (Dσ = 1) and cylindrical symmetry (Dσ = 2). Clusters with spherical
symmetry (Dσ = 3) can only be self-confined at nonzero temperature if they have
infinite mass. Our analysis, which parallels the analysis carried out for the ideal








of (2.2.11) and the normalization (2.2.24). We can thus write,
ẑ′(r̂)
ẑ(r̂)










Next we assume that the decay rate is sufficiently fast to ensure that the mass is
finite. For power-law decay, that condition is
ρ(r̂) ∼ r̂−(Dσ+ε), ε > 0. (2.2.171)
This guarantees that the integral in (2.2.170) becomes negligibly small at large r̂.
When we also use (2.2.23) with gD/2(ẑ) ∼ ẑ for ẑ  1 we arrive at the following





r̂Dσ−1 = − 2
T̂
. (2.2.172)
Note that this relation is independent of the space dimensionality D for clusters
of given symmetry.
In the case of self-confined clusters with planar symmetry, which exist at all
temperatures, the solution of (2.2.172) yields exponential asymptotics:
ρ(r̂)as ∼ e−2r̂/T̂ : Dσ = 1. (2.2.173)
The solution of (2.2.172) for clusters with cylindrical symmetry is
ρ(r̂)as ∼ r̂−2/T̂ : Dσ = 2, (2.2.174)
subject to the condition (2.2.171), which implies that the range of temperature is
restricted to 0 < T̂ < 1. We shall see that this decay law is realized only for the
more restricted temperature range, 0 < T̂ < 1
2
.
Self-confined clusters with spherical symmetry (Dσ = 3) at nonzero tempera-
ture only exist if they have infinite mass. The leading asymptotic decay of their
density profile is
ρ(r̂)as ∼ 2r̂−2 : Dσ = 3, (2.2.175)
as will be further investigated below.
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2.2.8 Impact of BEC radius
All available evidence, including the dimensional analysis of the Gross-
Pitaevski equation, suggests that the density of the BEC is much higher than
the density of the gas with which it might coexist. It is, therefore, reasonable
to assume that any mixed-phase equilibrium state consists of a BEC core and a
gaseous halo. In our analysis of macroscopic BE clusters, we employ a length scale
tailored to the description of gaseous density profiles, which is very large compared
to the natural length scale appropriate for the analysis of a pure BEC profiles. We
also restrict our study to situations where relativistic effects remain insignificant.
This project does not include a detailed calculation of BEC profiles. The
(external) pressure exerted by the gaseous halo on the BEC core is dominant
over the the self-gravitational pressure of the BEC, except at low temperature,
where the mass fraction of the gaseous halo is small. This dominant external
pressure is likely to keep the BEC density close to uniform. The assumption of a
uniform BEC density, adopted throughout this study, should be adequate for that
reason. Any deviations of the BEC density profile from uniformity can be built
into our calculational scheme. Such deviations are unlikely to significantly affect
the behavior of mixed-phase macrostates.
MB particles are treated as point particles at all temperatures. The thermal
wavelength is assumed to be negligibly small compared to the mean distance be-
tween particles. The (widely studied) mathematical divergences associated with
gravitational collapse of MB clusters with cylindrical symmetry (Dσ = 2) and
spherical symmetry (Dσ = 3) are a consequence of this assumption. It is an in-
trinsic feature of quantum statistics that particles are extended. Therefore, a BEC
core of finite density, i.e. of nonzero radius, in a self-gravitating BE cluster with
cylindrical or spherical symmetry is a natural preventative measure against gravi-
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tational collapse. This natural agent of short-distance regularization enables us to
undertake a comparative survey of free energies and caloric curves, which are key
to the characterization of macrostates as stable, metastable, or unstable.
A BEC of uniform density is characterized by a single parameter, the (scaled)
radius r̂c of the pure BEC. Any mixed-phase macrostate is specified by the radius
r̂b with range 0 ≤ r̂b ≤ r̂c of the interface between BEC and gaseous halo. A
pure BEC has r̂b = r̂c and a pure gas state r̂b = 0. The need for a short-distance
regularization pertains to Dσ = 2, 3 only. However, it is advisable to test its impact
on systems with planar symmetry (Dσ = 1), where no divergences loom.
It is reasonable to assume that in any mixed macrostate the gaseous halo is
critical at the interface with the BEC. We have verified this assumption for cases
with Dσ = 1 by a free-energy comparison of candidate macrostates with a BEC
of vanishingly small spatial extension (r̂c = 0) on the length scale in use. We also
note that the density of the critical BE gas on the length scale in use is divergent
in spatial dimensions D = 1, 2, but stays finite in D = 3. This fact is relevant for
the mechanical stability mixed-phase macrostates.
In spherically symmetric clusters (Dσ = 3), which are realized in D = 3,
short-distance regularization is necessary and can be implemented by a value of r̂c
that is sufficiently small to guarantee that the BEC density is not smaller than the
(finite) density of the critical gas with which it is in contact. Mechanical stability is
ensured if the (uniform) BEC density remains higher than the critical gas density.
In clusters with planar symmetry (Dσ = 1), which exist in D = 1, 2, 3, short-
distance regularization is not necessary. The use of (r̂c = 0), which implies an
infinite BEC density on the length scale in use, accommodates the divergent critical
gas density in D = 1, 2. It is also consistent with the (finite) critical gas density
in D = 3. Mechanical stability is ensured in all cases. It is safe to use r̂c = 0 for
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systems with planar symmetry even though it is unphysical, strictly speaking. We
can verify that results for very small nonzero r̂c are almost indistinguishable from
results for r̂c = 0.
Clusters with cylindrical symmetry, (Dσ = 2), are realized in D = 2, 3. Short-
distance regularization is necessary in both dimensions. Its implementation is
straightforward in D = 3, where the critical density of the gas is finite. Mechanical
stability is ensured if we keep the radius r̂c sufficiently small. The problem case
is Dσ = D = 2. Here the short-distance regularization, which keeps the density of
the BEC core finite, conflicts with the infinite critical density of the gaseous halo
at the interface. This configuration is mechanically unstable. In the framework of
our approach we can investigate this case via a limit process.
– We pick a small nonzero value of r̂c, which determines the (finite) density of
the BEC and facilitates the (necessary) short-distance regularization.
– We introduce an artificial onset of condensation when the density of the gas
reaches, at r̂ = 0, the fixed value of the BEC density. When we cool the
gas cluster from high temperature, this happens at a temperature somewhat
higher than the critical value: T̂art > T̂c, i.e. before the central fugacity
reaches its critical value ẑart(0) < ẑc(0) = 1.
– We carry out the full analysis by using ẑart(0) in the role of critical central
fugacity at all temperatures T̂ ≤ T̂art.
– Then we systematically reduce the value of r̂c and monitor the trends in all
quantities of interest. There is no need to take the limit r̂c → 0, which is
unphysical anyway.
Alternatively, we bank on the fact that the divergence of the gas density diverges
only logarithmic, i.e. very weak. For reasonably small values of r̂c, the difference
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ẑart(0)− ẑc(0) will be negligibly small. The case studies will justify this conclusion.
Quantitatively, the condition for the mechanical stability of the mixed-phase
macrostate for r̂c > 0 is that the density of the BEC,






is higher than the density (2.2.23) of the critical gas,
ρ(r̂)
.
= λDTsρv(r̂) = gs T̂
D/2gD/2(ẑ). (2.2.177)
For the two cases in D = 3, namely those with cylindrical symmetry (Dσ = 2) and






c ζ(3/2)︸ ︷︷ ︸
2.612...
< 1, (2.2.178)
which is easily accommodated in all instances worked out in Secs. 2.4 and 2.5. For
the case Dσ = D = 2, the corresponding condition can be accommodated, strictly
speaking, only for ẑ < 1. It can then be rendered as follows:






For the case worked out in Sec. 2.4.1, the value on the right-hand side becomes
∼ 10−73, which is utterly insignificant.
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2.3 BE clusters with planar symmetry
Here we analyze density profiles of BE clusters with planar symmetry (Dσ = 1)
in D = 1, 2, 3 dimensions. We set gs = 1 and solve the following set of equations








+ 2T̂D/2−1 gD/2(ẑ) = 0 (2.3.1a)




dr̂ gD/2(ẑ) = 1, (2.3.1b)
ρ(r̂) = T̂D/2gD/2(ẑ). (2.3.1c)
From [21] we know that an unconfined MB cluster with planar symmetry
remains stable against evaporation or gravitational collapse at any nonzero tem-
perature. The exact density profile inferred from the solution of (2.2.40) or, equiv-










With decreasing T̂ , ρ(r̂)MB gradually becomes narrower and more strongly peaked
at the central plane of the cluster. Deviations of the BE density profile T̂ , ρ(r̂) to
be investigated below for D = 1, 2, 3, from the MB result (2.3.2) are expected to
first emerge gradually as T̂ is being lowered.
No gravitational collapse is impending in scenarios with planar symmetry.
Yet the BE gas does undergo a phase transition, nevertheless, at some threshold
temperature as will be investigated separately for D = 1, 2, 3.
In the following, we show that the solution of (2.3.1) can be reduced to quadra-
ture for arbitrary dimensionality D of the space. We consider a situation with no
wall confinement and a pure gas phase. In a first step we rewrite (2.3.1a) as an
ODE for the chemical potential, using



















We thus have to solve,


















Next we introduce the inverse function, r̂(µ̂), and its derivative, ŝ(µ̂) = r̂′(µ̂). The




















= a(µ̂)− a(µ̂0), (2.3.6)
yielding,
ŝ(µ̂) = − 1√
2[a(µ̂0)− a(µ̂)]
, (2.3.7)












 : µ̂ ≤ µ̂0 ≤ 0. (2.3.8)








ŝ(µ̂) = 1. (2.3.9)
We shall see that a more explicit solution can be extracted in D = 2.
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2.3.1 Planar BE clusters in D = 1
The solution of (2.3.1) produces exponentially decaying profiles. A sufficiently
large cut-off radius in the numerical integration yields precision profiles represent-
ing unconfined clusters at any finite temperature. In order to connect with the MB
profile (2.3.2) at high T̂ we plot in Fig. 2.3.1 T̂ ρ vs r̂/T̂ . We observe that, with
T̂ decreasing from infinity, the BE profile begins to deviate from the (universal)
MB profile by enhanced crowding at the center of the cluster. Unsurprisingly, the
opposite trend of suppressed crowding is manifest in the density profile of the FD
gas [22].










T = 0.5, 1, 2, 5, ∞
Dσ = D = 1, BE
Figure 2.3.1: Rescaled density profiles of the BE gas in Dσ = D = 1 at high T̂ .
The dashed line represents the MB profile (2.3.2).
Our numerical analysis of (2.3.1) produces a unique normalizable solution over
a range of temperatures. For given T̂ the value ẑ0, the fugacity at the center of the
cluster, is determined by the normalization condition in (2.3.1b). We find that ẑ0
increases monotonically as T̂ is being lowered, reaching the critical value ẑ(0) = 1
at the temperature,
T̂c ' 0.5287. (2.3.10)
The solution at T̂c implies a density profile that diverges for r̂ → 0. All this
suggests that condensation sets in at r̂ = 0 when T̂ reaches T̂c from above. The
onset of condensation at nonzero temperature is to be expected in the presence of
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long-range interaction forces.
The presence of wall confinement affects the value of T̂c only at sufficiently
small R̂. The asymptotic value of T̂c, of which (2.3.10) is an approximation, is
realized at high precision for wall confinement as tight as R̂ = 5 due to exponential
decay with r̂ of the density profile. At smaller values of R̂, condensation sets in at
higher temperature. This trend is documented in Fig. 2.3.2(a). The trend becomes
noticeable in the graph when the confining radius shrinks below R̂ = 1. The fact
that the upward trend of the data in the log-log plot of panel (a) does not really
straighten out rules out a power-low divergence of T̂c as R̂ → 0. The numerical
evidence suggests that the critical temperatue has a power-law divergence at a
nonzero yet fairly narrow confining radius,
T̂c ∼ (R̂− R̂c)−1/2, R̂c ' 0.00048, (2.3.11)
as shown in Fig. 2.3.2(b). The consequence is that self-gravitating bosons in Dσ =
D = 1 have no pure gas phase at any finite temperature if the confinement is
sufficiently tight.









BE, Dσ = D = 1
(b)
Rc = 0.0048
BE, D σ = D = 1










Figure 2.3.2: Data for critical temperature T̂c versus confining radius R̂ in two
different formats. At T̂c the fugacity at the center of the cluster reaches the value
ẑ(0) = 1.
For T̂ < T̂c a unique solution of the ODE (2.3.1a) still exists, representing
a BEC core surrounded by a gaseous halo. The presence of a BEC requires a
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modification of the boundary conditions as discussed earlier. We assume, as argued
in Sec. 2.2.8, that the radius of the BEC is negligibly small on the length scale in
use, r̂c = 0, then we must replace the boundary conditions (2.3.1b) by (2.2.78):















It is conceivable that ẑ(0) < 1 for the gaseous halo is realized at T̂ < T̂c. There
indeed exists a unique gas profile for any value 0 < ẑ(0) ≤ 1. Our numerical
analysis shows that of these solutions, the one with ẑ(0) = 1 has the lowest free
energy and the highest gas proportion, Ngas/N .
In Fig. 2.3.3(a) we show the variation of ẑ(0) with T̂ for the case with the
confining wall at R̂ = 5. At T̂ ≥ T̂c the boundary conditions are (2.3.1b) and
ẑ(0) represents the central fugacity. The boundary conditions change to (2.3.12)
for T̂ ≤ T̂c and ẑ(0) now represents the (critical) gas fugacity at the interface with
the BEC. The halo is only critical at the interface with the BEC. The fraction
Ngas/N of particles in the gas phase in the mixed state, as inferred from (2.3.12)
is a monotonically increasing function of T̂ , rising from zero at T̂ = 0 toward one
at T̂ = T̂c. The data displayed in Fig. 2.3.3(b) tell us that the variation of Ngas/N
with T̂ is characterized, at low T̂ , by the power law,
Ngas
N
∼ T̂ 3/2 : T̂  T̂c. (2.3.13)
In Fig. 2.3.4 we show the caloric curve for a system with intermediate confining
radius. It has a discontinuity in slope at the temperature T̂c, where condensation
sets in and the remaining gas remains critical at the interface with the BEC.
The bottom portion represents a pure gas and the top portion a gaseous halo
surrounding a BEC. When we decrease R̂, the singularity shifts to lower η̂. As
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BE, Dσ = D = 1, R
 = 5(a)
Tc















BE, Dσ = D = 1
R = 5
(b)










Figure 2.3.3: (a) Fugacity at the center of the cluster, ẑ(0), versus temperature
T̂ for a cluster of given confining radius. The inset zooms into the region where
condensation sets in. (b) Asymptotic power-law-dependence (2.3.13) of the fraction
of gas particles on temperature.
the confining radius reaches the value R̂c identified in (2.3.11), the caloric curve
terminates at the singularity, which is then located on the horizontal axis.
The free energy versus temperature for the same case is plotted in Fig. 2.3.5(a).
It is a monotonically decreasing function and has an imperceptibly weak singularity
at T̂c. The negative slope of that curve represents the variation of the entropy with
temperature as plotted in panel (b), but now on doubly logarithmic scales. The
entropy curve remains continuous, but it has a discontinuity in slope at T̂c. The
onset of condensation has the hallmark of a second-order transition. The subcritical















Figure 2.3.4: Caloric curve, inverse temperature versus internal energy. The dashed



















































Figure 2.3.5: (a) Helmholtz free energy versus temperature. (b) Entropy versus
temperature. The dotted line highlights the asymptotic power law (2.3.14) of the
gas entropy in coexistence with the BEC. The critical temperature is marked by
the dashed line in both panels.
entropy varies with temperature as a power law, asymptotically at low T̂ :
Ŝ ∼ T̂ 3/2 : T̂  T̂c. (2.3.14)
We have investigated the impact of a nonzero BEC radius, (r̂c > 0), on all sub-
critical results presented above. We find that all results vary slowly and smoothly
across a narrow range 0 ≤ r̂c  1. We have carried out this exercise of unneces-
sary regularization as a test for the implementations of necessary regularizations
in systems with cylindrical and spherical symmetry.
We continue with a discussion of critical singularities as are typical for second-
order phase transitions. For that purpose, we start from the ODE (2.3.4a) for the
chemical potential,































+ . . . (2.3.16)
The leading critical singularity is determined by the first term alone. For its
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µ̂s; µ̄s(0) = 0, µ̄
′
s(0) ≥ 0. (2.3.17)







The critical divergence in the density profile then follows immediately:
ρs(r̂) ∼ (− ln ẑ)−1/2 ∼ r̂−2/3. (2.3.19)
Note that the cusp singularity of (2.3.18) is sufficiently weak to make µ̄′(0) =
0, which implies that ẑ′(0) = 0. This justifies our use earlier of the boundary
conditions (2.3.1b) for the critical fugacity profile.
2.3.2 Planar BE clusters in D = 2
The solution of (2.3.1) again produces exponentially decaying profiles, an at-
tribute that depends on the symmetry of the cluster, not on the dimensionality
of the space (see Sec. 2.2.7). Wall confinement is unnecessary but will, if present
and tight, alter the results. The approach of the BE density profiles toward the
universal MB profile (2.3.2) at high T̂ is illustrated in Fig. 2.3.6. Comparison with
corresponding results in Fig. 2.3.1 for D = 1 shows evidence of two differences: (i)
in D = 2, the MB result is approached faster and (ii) criticality is reached at a
higher temperature.
We again find a unique, normalizable solution over a range of temperatures
with a monotonic increase in ẑ0 as T̂ is being lowered. The fugacity at the center
of the cluster reaches the critical value ẑ(0) = 1 at the temperature,
T̂c ' 0.7797. (2.3.20)
The solution at T̂c again implies a density profile that diverges for r̂ → 0, but the
divergence is weaker than in D = 1. This singularity indicates that condensation
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T = 0.75, 1, 2, 5, ∞
Dσ = 1, D = 2, BE
Figure 2.3.6: Rescaled density profiles of the BE gas in Dσ = 1, D = 2 at high T̂ .
The dashed line represents the MB profile (2.3.2).
sets in at r̂ = 0, the center of the cluster. The infinite density of the critical gas
on the length scale in use here is consistent with the assumption that the radius
of the condensate is negligibly small.
The exponential decay of density profiles at large distances from the center of
the cluster, which is universal for planar symmetry, ensures that T̂c is independent
of the confining radius R̂ unless the confinement is very tight. The variation of
T̂c with R̂ is shown in Fig. 2.3.7. The data again suggest a crossover centered at









BE, Dσ = 1, D = 2
(b)
Rc = 0
BE, Dσ = 1, D = 2












Figure 2.3.7: Data for critical temperature T̂c versus confining radius R̂ in two
different formats. The dashed line in panel (b) has unit slope.
R̂ ' 1 from a plateau at the value (2.3.20) for large R̂ to a power-law behavior for
small R̂. If T̂c diverges at a value R̂c > 0, that value is too small to be detectable in
our data for D = 2 (unlike in D = 1 dicussed earlier). The available data suggest
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that
T̂c ∼ R̂−1, : R̂ 1. (2.3.21)
At T̂ < T̂c we again find a unique solution of (2.3.1) with ẑ(0) = 1 locked in
and with the modified boundary conditions,














These solutions represent the two-phase macrostate consisting of a BEC sur-
rounded by a gaseous halo at 0 ≤ T̂ ≤ T̂c. In Fig. 2.3.8(a) we show the variation
of the central fugacity in the gas phase (T̂ > T̂c) and the continued criticality of




BE, Dσ = 1, D = 2












BE, Dσ = 1, D = 2











Figure 2.3.8: (a) Central fugacity versus temperature. (b) Asymptotic power-law-
dependence (2.3.23) of the fraction of gas particles on temperature.
The fraction of particles that remain in the gaseous halo at T̂ < T̂c has a
quadratic dependence on temperature, asymptotically for low T̂ :
Ngas
N
∼ T̂ 2 : T̂  T̂c. (2.3.23)
The numerical evidence, as shown in Fig. 2.3.8(b), is quite strong.
The caloric curve, shown in Fig. 2.3.9, is qualitatively similar the case D = 1.
What is different is the location of the singularity, which marks the transition from




















Figure 2.3.9: Caloric curve, inverse temperature versus internal energy. The dashed
lines mark the location of a discontinuity in slope.
In Fig. 2.3.10 we show the free energy and the entropy versus temperature,
the former in a linear plot and the latter in a log-log-plot. The entropy is again
continuous at the onset of condensation. The subcritical data, representing the
entropy of the gaseous halo, remain very close to a pure quadratic function, except
near T̂c:
Ŝ ∼ T̂ 2 : T̂  T̂c. (2.3.24)















































Figure 2.3.10: (a) Helmholtz free energy versus temperature. (b) Entropy ver-
sus temperature. Also shown (dashed) in panel (b) is the asymptotic power-law
(2.3.24).
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in D = 1 and start from the ODE (2.3.4a) for the chemical potential,





which we transform into,









with initial conditions µ̄(0) = µ̄0 ≥ 0 and µ̄′(0) = 0. The leading critical singularity
of the chemical potenetial is governed by the simplified ODE,
µ̄′′s + 2 ln µ̄s = 0, (2.3.27)
with initial conditions, µ̄s(0) = µ̄
′
s(0) = 0. The exact solution is expressible in





The leading singularity in the density profile thus turns out to be logarithmic:
ρ(r̂) ' −T̂c ln µ̄s ∼
√
| ln r̂|+ O
(√
ln | ln r̂|
)
. (2.3.29)
We analytically calculate the full density profile by solving the ODE (2.3.26)
via inverse function. We set ŝ(µ̄s)
.
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The exact density profile ρ(r̂) in parametric representation thus becomes,












where the dependence of the central chemical potential µ̄0 on the temperature
T̂ ≥ T̂c is determined by the normalization condition (2.3.9), here specified for










2.3.3 Planar BE clusters in D = 3
The trends noted in Sec. 2.3.2 for increasing D in systems with planar symme-
try continue as we move from D = 2 to D = 3. The density profiles calculated as
solutions of (2.3.1) continue to be exponentially decaying, which makes wall con-
finement unnecessary. The approach to the universal MB profile (2.3.2) at high T̂
is yet faster as is the approach to criticality when T̂ is lowered. These observation
are documented in Fig. 2.3.11.










T = 0.75, 1, 2, 5, ∞
Dσ = 1, D = 3, BE
Figure 2.3.11: Rescaled density profiles of the BE gas in Dσ = 1, D = 3 at high T̂ .
The dashed line represents the MB profile (2.3.2).
We again find a unique, normalizable solution over a range of temperatures
with a monotonic increase in ẑ0 as T̂ is being lowered. The fugacity at the center
of the cluster now reaches the critical value ẑ(0) = 1 at the temperature,
T̂c ' 0.88913. (2.3.34)
Unlike in lower dimensions, the density of the critical gas is finite in D = 3.
Criticality is again initiated at r̂ = 0, where the density is highest. It marks the
onset of BE condensation.
The the non-divergent density of the critical gas raises the question whether
this has any bearing on the density of the BEC on the length scale in use. In
D < 3 we have argued that the divergent density of the critical gas requires that
the density of the BEC is infinite as well with the consequence that the radius
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of the BEC is vanishingly small on the length scale in use. In D = 3, where the
critical density of the gas is finite, it would not be inconsistent to use a finite
density for the BEC. It appears not unreasonable to argue that the BEC has an
infinite density on the length scale in use even if the critical gas does not.
The value (2.3.34) for T̂c is again independent of wall confinement unless the
space becomes very tight (R̂ . 1). As R̂ decreases from unity, T̂c rises and appears
to diverge at value R̂c that is too small to be positively identified. If we assume
that R̂c = 0 then we can fit the data of T̂c vs R̂ with a power law,
T̂c ∼ R̂−2/3, : R̂ 1, (2.3.35)
as shown in Fig. 2.3.12.
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Figure 2.3.12: Data for critical temperature T̂c versus confining radius R̂ in two
different formats. The dashed line in panel (b) has slope 2/3.
At T̂ < T̂c we consider, as before, the (unique) mixed-phase solution of (2.3.1)
with ẑ(0) = 1 locked in and with the modified boundary conditions,















In Fig. 2.3.13(a) we show the variation of the central fugacity in the pure gas
phase at T̂ > T̂c and, at T̂ < T̂c, the continued criticality of the gaseous halo at
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Figure 2.3.13: (a) Central fugacity versus temperature. (b) Power-law-dependence
(2.3.37) of the fraction of gas particles on temperature.
For the subcritical two-phase coexistence we again assume that the radius of
the BEC is negligible on the length scale in use. The fraction of particles that




∼ T̂ 5/2 : T̂  T̂c. (2.3.37)
The numerical evidence shown in Fig. 2.3.13(b) is again very strong. Note the
systematic dependence on D of the exponent that characterizes this power-law for
the three cases of planar symmetry.
Not surprisingly, the caloric curve as shown in Fig. 2.3.14, is again qualitatively
the same as in dimensions D < 3. A change in symmetry of the cluster has a much
stronger impact on the caloric curve than a change in spatial dimensionality does,
as we will see shortly.
In Fig. 2.3.15 we show the free energy and the entropy versus temperature,
the former in a linear plot and the latter in a log-log-plot. The entropy is again
continuous at the onset of condensation. Once again we find that the entropy of
the subcritical halo is characterized by an asymptotic power law with the same
exponent as the fraction of particles in the gas phase:
Ŝ ∼ T̂ 5/2 : T̂  T̂c. (2.3.38)
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Figure 2.3.14: Caloric curve, inverse temperature versus internal energy. The
dashed lines mark the location of a discontinuity in slope.













































Figure 2.3.15: (a) Helmholtz free energy versus temperature. (b) Entropy versus
temperature. The dotted line highlights the asymptotic power law of the gas
entropy in coexistence with the BEC.
The density profile remains non-divergent at criticality in this case, but it
becomes non-differentiable at the center of the cluster. The analysis of this critical
singularity uses expression (2.3.1c) for the density,
ρ(r̂) = T̂ 3/2c g3/2(ẑ), (2.3.39)















(− ln ẑ)1/2 + O(ln ẑ). (2.3.40)
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We transform the ODE (2.3.4a) for the rescaled chemical potential, µ̄
.
= −µ̂/T̂c,
as in Sec. 2.3.3 into an ODE for the leading singularity,
µ̄′′s = A−B
√





, B = 4
√
πT̂c. (2.3.41)






It follows that the critical density profile has a linear cusp singularity:














r̂ + . . .
]
' 2.190− 4.666r̂. (2.3.43)
In what follows, we emulate the series expansion of the critical profile for
the chemical potential with which we have begun Sec. 2.5 below. The steps are
identical. Our starting point is the ODE,
µ̄′′ − 2T̂ 1/2c g3/2(e−µ̄) = 0, (2.3.44a)
µ̄(0) = µ̄′(0) = 0, (2.3.44b)
for the rescaled chemical potential, µ̄
.
= −µ̂/T̂c = − ln ẑ, at criticality in the pure
gas phase. Only two occurrences of Dσ in the ODE produce changes when we






−µ̄) = 1, (2.3.45)
which is also modified due to change of symmetry. The analysis parallel to that




















































































































, . . . (2.3.47)
2.3.4 Salient features of clusters with planar symmetry
The reference system for this summary on BE clusters with planar symmetry
is the MB cluster with the same symmetry. MB particle are (effectively) point
particles, wheareas BE particles are not. The differences between MB statistics and
BE statistics manifest themselves when the density of particles is sufficiently high
to make the mean interparticle distance comparable to the thermal wavelength.
such deviations first appear at the center of the cluster.
We have seen that the density profile of a finite clusters at high temperature
has a universal shape, independent of statistics, with a smooth maximum at the
center and exponential tails on either side. The characteristic width of the cluster
is inversely proportional to T̂ . When we lower T̂ , the MB density profile smoothly
increases in height at the center and decreases in width. This trend continues all
the way to T̂ = 0, where the MB profile diverges at r̂ = 0 approaches a δ-function.
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A similar trend can initially be observed in the BE density profile. The distinc-
tive attributes of BE statistics – multiple occupancy of one-particle levels combined
with indistinguishability of many-particle states with identical occupancies – first
manifest themselves in a gradually enhanced particle concentration near the cen-
ter of the cluster. In contrast to the MB gas, the BE density profile diverge at a
nonzero critical temperature T̂c.
Whereas the dimensionality D of the space has no impact on the shape of the
MB density profile for clusters of any given symmetry, the BE density profiles do
depend on D. As T̂ approaches T̂c from above, the density at the center of the
cluster has a power-law divergence, ∼ r̂−2/3, in D = 1, a logarithmic divergence,
∼
√
| ln r̂|, in D = 2, and a linear cusp singularity, ∼ a− br̂, in D = 3. The value
of T̂c also depends on D. The observation in this context that with decreasing D
the value of T̂c decreases and the critical fluctuations are enhanced, are in line with
the familiar empirical knowledge that statistical mechanical models are generally
more strongly fluctuating in lower dimensions than in higher dimensions.
Criticality at T̂c > 0 marks the onset of condensation, which, for clusters with
planar symmetry bears the bears the signatures of a second-order phase transition.
The order parameter, represented by the fraction of particles in the ground state,
rises continuously from zero in a cusp singularity. The entropy has a discontinuity
in slope.
Condensation is associated with a drastic change in length scale. Our method-
ology relies on the assumption that the exact profile of the BEC at the core of a
mixed-state macrostate has negligible influence on the profile of the surrounding
gaseous halo. The caloric curves of the MB and BE systems are both monotonic
across the full temperature range, thus ruling out any form of mechanical instabil-
ity (gravitational collapse). The onset of BEC is marked by a cusp singularity in
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the BE caloric curve. The MB caloric curve has no such singularity.
2.4 BE clusters with cylindrical symmetry
Density profiles of BE clusters with cylindrical symmetry (Dσ = 2) in D = 2, 3
dimensions are the objects of analysis in the following. We again focus on closed
systems of finite mass and set gs = 1. Our primary task is to find the physically













+ 4T̂D/2−1 gD/2(ẑ) = 0 (2.4.1a)




dr̂ r̂gD/2(ẑ) = 1, (2.4.1b)
ρ(r̂) = T̂D/2gD/2(ẑ). (2.4.1c)
The MB limit is again a useful point of reference. The MB gas cluster cannot
be stabilized without wall confinement. It either evaporates or suffers a gravita-
tional collapse with the exception of one highly fragile state that keeps the two
opposing tendencies in check [21]. If the MB gas is wall-confined, in D = 2 within
a disk of radius R̂, in D = 3 within a (long) cylinder of radius R̂, it is stable against













(r̂/R̂)2 + 2(T̂ − T̂MB)
]2 : T̂ > T̂MB. (2.4.3)
This profile becomes sharply peaked at r̂ = 0 as, at fixed R̂, T̂ approaches T̂MB
from above.
We must heed the fact that the limits R̂ → ∞ and T̂ → T̂MB are not inter-
changeable. Taking the combined limit,
R̂→∞, T̂ → T̂MB,
T̂ 2
4R̂2(T̂ − T̂MB)
= c > 0, (2.4.4)
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The central density, ρc(0)MB = 4c/T̂MB, can assume any non-negative value.
The effects of BE statistics are likely to manifest themselves first in the high-
density center of the cluster, as T̂ is lowered, initially in the form of gradual
deviations from the MB density profile (2.4.3) and then by a qualitatively differ-
ent behavior. The BE gas exerts a lower pressure than the MB gas does under
equivalent circumstances, which makes the former more vulnerable to undergo
gravitational collapse. Hence we expect the BE gas density profile to become
singular at a temperature higher than (2.4.2).
The physical interpretation of the singularity must be different for the BE
gas. Gravity precipitates a condensation of bosons, not a collpase of MB point
particles. Our calculational framework is designed to give an accurate description
of the critical singularities, but not to describe attributes of the BEC in any detail.
2.4.1 Cylindrical BE clusters in D = 2
In this case we substitute g1(ẑ) = − ln(1 − ẑ) in (2.4.1). Our strategy is to
examine the evolution of BE density profiles as T̂ is lowered from the MB regime
toward a regime where gradually emerging small deviations turn into differences
of a qualitative nature. The evolution of profiles is likely to depend on the radius
R̂ of confinement.
For a visualization of the emerging small deviations of the BE density profile
from the MB benchmark profile (2.4.3), it is useful to use a second round of scaling
as carried out in Fig. 2.4.1. The BE data shown are for R̂ = 20. It is no surprise
to observe that the BE gas is more compressible than the MB gas. This attribute
manifests itself in a density enhancement near the center of the cluster. The same
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observation was previously made for clusters with planar symmetry.
The BE profiles at T̂ = 0.6, 0.575 are unique solutions of (2.4.1), suggesting
stability of the BE gas. At T̂ = 0.55, 0.525, Eqs. (2.4.1) have two distinct fully
gaseous solutions. The one shown has a low-density profile, close to the MB profile.
The other solution has a significantly higher density at the center of the cluster.
We shall reason later that the solution shown is at least metastable and the other
one unstable.












T = 0.525, 0.55, 0.575, 0.6
BE, D = Dσ = 2
R = 20
Figure 2.4.1: Scaled density profile of the BE gas in D = Dσ = 2 confined to radius
R̂ = 20. The dashed lines represents the MB profile (2.4.3).
Let us begin a more systematic search for solutions of (2.4.1) with the case
R̂ = 10. In Fig, 2.4.2 we plot ẑ(0) vs T̂ of the solutions we have found numerically.
Each point along the curve represents a macrostate of pure gas. The points along
the straight segment at ẑ(0) = 1 represent mixed-phase macrostates to be discussed
later. We note three temperature regimes, delimited by
T̂L ' 0.547, T̂H ' 0.587 : R̂ = 10. (2.4.6)
Throughout the regime T̂ > T̂H there is a unique solution. The central fugacity
ẑ(0) rises slowly as T̂ is lowered toward T̂H. The same trend continues in the



















Figure 2.4.2: Fugacity ẑ(0) at the center of a BE gas cluster inD = Dσ = 2 confined
to radius R̂ = 10. The curve represents a pure gas. The horizontal segment at
ẑ(0) = 1 represents a solution consisting of BEC and surrounding gaseous halo.
solution exists in this regime. The central fugacity of that solution decreases from
the value ẑH(0) = 1 to ẑL(0) ' 0.394. No pure gaseous solutions exist in the regime
T̂ < T̂L.
What happens if we increase the confining radius R̂? The numerical evidence
compiled in Figs. 2.4.3-2.4.5 suggests that
lim
R̂→∞











H = 0.5629... (2.4.7)
The characteristic temperatures T̂MB and T̂
(∞)
H are landmarks for MB and BE
statistics, respectively, in this context. It is significant that the latter is higher
than the former. At T̂ < T̂H, a mixed-phase macrostate consisting of a BEC core
surrounded by a gaseous halo exists for the BE system and will be discussed in
more detail below.
The BE gas supports a low-density gaseous solution at temperatures down
to T̂L. At T̂L, where the gaseous solution disappears, the central density of the
cluster is finite, assuming a value that decreases toward zero as R̂ increases to-
ward infinity. In the MB cluster, by contrast, the central density of the gaseous
macrostate diverges when T̂ approaches T̂MB for fixed R̂. On the other hand,we
have established earlier the one-parameter family of density profiles (2.4.5) for the
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MB cluster at T̂ = T̂MB and R̂ = ∞ with a range of central densities between
zero and infinity. The limit R̂ → ∞ taken for the BE gas realizes one (extreme)
value of this continuum. The bottom line of all this is that the MB limit of the
BE cluster with cylindrical symmetry is subtle.
The approach to the limiting value T̂
(∞)
H of T̂H is documented in Fig. 2.4.3.
The approach is smooth with no hint for any change of trend. Once we have
established the values of T̂
(∞)
H with some accuracy, we can estimate the leading
asymptotic correction, which is carried out in the log-log plot of Fig. 2.4.4. The
suggested power-law asymptote,
T̂H − T̂ (∞)H ∼ R̂
−3/2, (2.4.8)






































Dσ = D = 2
Figure 2.4.3: Dependence of T̂H on R̂
−1. The panel on the right zooms into the
regime of large radii.
The approach to their limiting values (2.4.7) of T̂L and ẑL(0) is governed by
different power-law asymptotics:
T̂L − T̂MB ∼ R̂−1, ẑL(0) ∼ R̂−1 : R̂ 1. (2.4.9)
The numerical evidence for this leading-order asymptotic correction term is docu-























Figure 2.4.4: Approach of T̂H toward the limiting value T̂
(∞)
H as R̂ → ∞. The










































Figure 2.4.5: Numerical evidence in support of the conjectured large-R̂ asymptotics
(2.4.9).
When we gradually shrink the confining radius R̂, the landmark temperatures
T̂H and T̂L both increase but T̂L increases faster, while ẑL(0) also increases. As R̂
reaches the value R̂1 ' 0.053 we have ẑL(0) = 1 at T̂L = T̂H
.
= T̂HL. The regime
with two distinct gaseous solutions ceases to exist. We have been able to determine
with some confidence the power-law approach of the central fugacity ẑL(0) toward
criticality:
1− ẑL(0) ∼ (R̂− R̂1)5/2 : R̂→ R̂1 ' 0.053. (2.4.10)
The numerical evidence in support of this conjecture is shown in Fig. 2.4.6(a). De-
termining the temperature T̂HL is more tricky. The value is pretty high. The avail-
able data are insufficient to even estimate the value as is evident in Fig. 2.4.6(b).
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The trend a away from the dashed line toward a finite value is barely visible.
A comparison (in Fig. 2.4.7) of free energies of the two gaseous solution at
temperature T̂H, which are realized for R̂ > R̂1, establishes that the noncritical gas
(with central fugacity ẑ(0) < 1) is stable and the critical gas (with central fugacity
ẑ(0) = 1) is at best metastable. As we gradually shrink the confining radius R̂, the
free energies of the two solutions quickly become very similar. At R̂ = R̂1, which
is outside the frame, they merge.
Next we investigate the approach to criticality and the onset of condensation
in a system under very tight confinement: R̂ = 0.01 < R̂1. A pure gas phase is
only realized at very high temperature. When we cool this gas down, the central
fugacity rises toward its critical value ẑ(0) for T̂ → T̂c as expected, but the
appraoch is different as is evident if we compare the curve in Fig. 2.4.8 with that
in Fig. 2.4.2. The intermediate regime T̂L < T̂ < T̂H is absent. The singularity of
ẑ(0) is now much weaker in nature, almost indiscernible. The transition between
the pure gas and mixed state consisting of a BEC core and a gaseous halo is now
similar to what we have seen in clusters with planar symmetry quite generically.
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Figure 2.4.6: Numerical evidence in support of the conjectured large-R̂ asymptotics
(2.4.10)(a) and documentation of the difficulty in the determination of the value
T̂HL.
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Figure 2.4.7: Free energy F̂
.
= F/NkBTs as constructed in Sec. 2.2.6 of the two
solutions with ẑ(0) < 1 and ẑ(0) = 1 for R̂ > R̂1.
for any of the other combinations of Dσ and D. For all three cases with planar
symmetry, Dσ = 1, we were able to find an exact solution. For all three cases in
D = 3 we are able to produce a series expansion of the critical density profile. This
leaves the problem case Dσ = D = 2 to be dealt with here.
The numerical analysis indicates that the profile of the critical chemical po-
tential is almost quadratic but subject to logarithmic corrections. The same is
true for the case Dσ = 1, D = 2 (same dimension but different symmetry). There
we were able to identify the exact nature of the logarithmic correction because we
BE, Dσ = D = 2
R = 10-2
Tc









Figure 2.4.8: Central fugacity ẑ(0) versus temperature T̂ for tightly confined cluster
(R̂ = 0.01).
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had the exact solution. Here we do not. The quadratic initial rise from zero is
exact for the critical chemical potential in D = 3 for Dσ = 1, 2, 3.
The ODE to be solved here for the critical chemical potential, in the rescaled
version, µ̄
.









µ̄(0) = µ̄′(0) = 0. (2.4.11b)









determines the value of the critical temperature T̂c. Note, however, that T̂c has
been scaled out of the ODE (2.4.11) that determines the critical singularity. Hence
that singularity is universal.










r0 = 2.1⨯10-3, 1.0⨯10-5,
BE, D = Dσ = 2
5.6⨯10-8, 3.3⨯10-10, 2.0⨯10-12
Figure 2.4.9: Numerical integration of the ODE (2.4.11) with five different initial
values r̂0. The initial values are the locations where the color of the curve changes.
The dashed line represents the function cr̂2 with c = 50.
The numerical integration cannot be started at r̂ = 0 because all terms diverge.
We have to move the initial condition away from the singularity in a way that
produces the physically relevant solution. How can this be accomplished? Here is




inspired by the quadratic rise seen in D = 3, and insist that it satisfy the ODE
at the initial radius r̂0 > 0 of our choice. Substitution of (2.4.13) into (2.4.11)
produces the following relation between the amplitude c and the initial radius r̂0:
r̂−20 = c e
c. (2.4.14)
This relation encodes the logarithmic correction to the quadratic profile in a
roundabout way. As r̂0 is made smaller, the amplitude c increases without
bound. The real solution has infinite curvature at r̂ = 0. In Fig. 2.4.9 we show
solutions of (2.4.11) with five different initial values r̂0 that satisfy (2.4.13) with
(2.4.14). They correspond to the values c = 10, 20, . . . , 50. The encouraging fact
is that all solutions overlap neatly. The dashed line represents (2.4.13) with c = 50.
Next on the list are results for the caloric curve, the free energy, and the
entropy. Unlike in systems with planar symmetry, we cannot simply set the radius
rc of the pure BEC equal to zero even though we know that it is tiny on the length
scale in use. The gravitational self-energy would diverge, which has adverse effects
on the caloric curve and the free-energy comparisons of competing macrostates.
Also, the fugacity profile of the coexisting gaseous halo would have infinite initial
slope.
This state of affairs forces us to work with a nonzero value of r̂c and then
investigate how the quantities of interest change as we make r̂c smaller and smaller,
as the physically realistic length scale demands. We thus continue by analyzing a
system with confining radius R̂ = 10, assuming that the BEC has a nonzero radius,
r̂c > 0. We can thus plot a caloric curve and a plot of free energy for gaseeous
states and mixed-phase states.
The boundary conditions of the ODE for the mixed state, a BEC surrounded
by a gaseous halo, led us (in Sec. 2.2.6) to introduce a scaled radius r̂b, a fraction
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of the radius r̂c of the pure BEC, representing the radial distance of the interface
between the two phases from the center of the cluster. We now have























The expectation (informed by the systems with planar symmetry analyzed
earlier) has been that for any temperature T̂ ≤ T̂H there is a unique value r̂b for
which a mixed-state solution with the correct normalization exists. The numerical
analysis tells us otherwise, as documented in Fig. 2.4.10(a). We find mixed-state
solutions up to a temperature T̂MAX which exceeds T̂H significantly. Recall that at
T̂H the central fugacity of the pure gas state reaches criticality, ẑ(0) = 1. Earlier we
have found two distinct gaseous macrostates across the range T̂L ≤ T̂ < T̂H. Here
we have found two distinct mixed-phase macrostates across the range T̂H ≤ T̂ <
T̂MAX. The ratio Ngas/N = 1−NBEC/N versus T̂ is log-log plotted in Fig. 2.4.10(b).
The two mixed-phase solutions exist near the upper end of the temperature range.
The fraction of gas particles grows like ∼ T̂ 2 at low T̂ as indicated by the dashed
line.




























Figure 2.4.10: (a) Dependence of interface radius r̂b on temperature T̂ for the case
where the radius of the pure BEC is chosen to have the value r̂c = 0.1. (b) Fraction
of particles in the gas phase as a function T̂ for all identified mixed-state solutions.
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Figure 2.4.11: (a) Free energy versus temperature. (b) Caloric curve. Both sets
include data for the pure gas phase and data for the mixes state. The radius of
the pure BEC is chosen to have the value r̂c = 0.1.
In Fig. 2.4.11 we show results for the free energy and the caloric curve. These
data suggest that, upon cooling from high T̂ , the gas phase is stable down to T̂t, and
remains metastable down to T̂L, where the pure-gas solution disappears. The only
other solution available at this temperature is a mixed-state solution with a lower
free energy. At T̂L = 1/η̂L the caloric curve has a smooth local maximum, which is
a consistent indicator of a singularity. The stable or metastable gaseous macrostate
is on the left of that local maximum. The continuation of the caloric curve to its
right represents a gaseous state that is unstable in the canonical ensemble. The
stable mixed-phase macrostate is to the far right at elevations η̂ > η̂L. How the
system gets from the gas phase to the mixed-phase state at the same temperature
is not easily answered. Since we are using a canonical ensemble, an energy transfer
between system and heat bath is required.
If we start at low T̂ in the mixed state and gradually heat the system up, then
the mixed state is stable initially, becomes metastable at T̂t, and then disappears
at T̂MAX. The only other solution at T̂MAX is the pure gas phase at a significantly
lower free energy. Again, there is no obvious quasistatic process that brings the
system from one solution to the other. The stable and metastable mixed-phase
142
macrostate are represented by the segment of the caloric curve on the right down
to η̂MIN.
The free-energy curve in Fig. 2.4.11(a) resembles that of a first-order transi-
tion in liquid-gas transition, e.g. the Gibbs free energy of a van der Waals system.
However, that resemblance is superficial and the conclusions cannot be transcribed
to the system under consideration here. The two macrostates at the point where
the free-energy curve intersects itself are both inhomogeneous with distinct pres-
sure profiles, which satisfy a nontrivial mechanical stability condition. There is no
obvious quasistatic and isothermal process that links the two states.
If we set aside the open questions regarding the nature of the transitions
between pure gaseous states and mixed states in the temperature range T̂L ≤ T̂ ≤
T̂Max, the gas cluster will get from a purely gaseous macrostate to a macrostate
consisting of a BEC core and gaseous halo somehow, when it cools down, e.g. by
radiating heat. The inverse transiton from a mixed-phase state to a gaseous state
will be realized somehow when the cluster absorbs heat by whatever mechanism.
It is likely that effects of hysteresis make an appearance in the realizations of the
transition in the two directions. This is a phenomenon not seen in systems with
planar symmetry.
Entropy data for both the mixed phase and the gaseous phase are shown
in Fig. 2.4.12. The data again strongly suggest quadratic behavior at very low
temperature. The lowest portion of the entropy curve represents he mixed-phase
macrostate. Whatever little entropy there is, belongs to the gaseous halo surround-
ing the BEC core, which, of course, carries no entropy. When that mixed-phase
macrostate absorbs heat, the BEC gradually shrinks in mass and the temperature
of the surrounding gas rises.
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Figure 2.4.12: (a) Entropy versus temperature. Data for the pure gas phase and
data for the mixes state. (b) Low-temperature entropy in the mixed phase. The
dashed line represents ∼ T̂ 2 behavior.
comes unstable. There exists a stable gaseous state at the same temperature, but
it has a much higher entropy. The cluster can only get from the borderline mixed-
phase state to the stable gaseous state if a significant amount of heat is absorbed
by the cluster. Any description of such a transition within the framework of the
canonical ensemble would have to introduce macrostates of a structure that we
have not yet considered. A similar challenge has arisen in the the self-gravitating
FD cluster in Dσ = D = 3 [22].

























Figure 2.4.13: Partial views of (a) caloric curve and (b) entropy versus temperature.
Data previously used Fig. 2.4.11(b) and 2.4.12(a) are reproduced within zoomed-in
window.
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entropy deacreases continually. When the temperature has reached T̂L, the gaseous
macrostate becomes unstable, and the cluster must eject a significant amount of
heat before it can settle into a mixed-phase macrostate at the same temperature.
It may very well make more sense, to describe the transition between the
gaseous state and the mixed-phase state in the microcanical ensemble when the
transition involves a mechanical instability, which it does here but did not do in
Sec. 2.3. Processes triggered by mechanical instabilities are likely to be fast and
take their course at constant internal energy with little heat exchange between the
system and the outside through the confining wall.
We begin with the caloric curve as shown in Fig. 2.4.11(b) and partially re-
produced in Fig. 2.4.13(a). In the microcanonical ensemble, the stability of the
(a)
BE
Dσ = D = 2
R = 10


































Figure 2.4.14: Entropy vs internal energy plot of the data previously used in
Figs. Fig. 2.4.11(b) and 2.4.12(a). Panel (a) covers a wide range with its inset
showing a zoomed-in view of the section where the mechanical instability takes
place. Further details at internal energies Êh and Êl are shown in panels (b) and
(c), respectively.
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gaseous phase (represented by the curve on the left) is extended beyond the local
maximum to the point of infinite slope at internal Êl. Likewise, the stability of the
mixed-phase state (represented by the curve on the right) is also extended beyond
the local minimum to the point of infinite slope at internal energy Êh.
Note that each dashed line in panel Fig. 2.4.13(a) touches the curve in one
point and intersects the curve in a second point. The mechanical instability begins
in the first point and ends in the second point at both values of internal energy. The
second point has a higher entropy than the first point, as marked in Fig. 2.4.13(b).
Hence in both cases, there exists a spontaneous process that leads from the first
to the second point. At energy Êl, the spontaneous process is associated with an
increase of temperature and at energy Êh with a decrease in temperature. The
latter implies a negative heat capacity, which is ok in the microcanonical ensemble.
A different view of how different macrostates of this system are related to
each other is provided by a plot of entropy versus internal energy as shown in
Fig. 2.4.14. It is a monotonic function for the most part. The exception pertain
to a narrow energy interval, where the curve becomes multi-valued in a manner
similar to what we have seen in the Helmholtz free energy of Fig. 2.4.11(a). The
energies Êh and Êl, where the mechanical instabilities take place, are marked in
panels (b) and (c). At each energy there is a spontaneous process to a macrostate
with higher entropy.
The highest-entropy branches at given energy cross in one point. In a homo-
geneous system, this would be the location of a first-order transition. However, as
mentioned earlier in the context of the canonical ensemble, it is not clear what the
nature of a quasistatic process between the two macrostates at the crossing point
would be.
We conclude this section with a comparative graphical representation, in
146
Fig. 2.4.15, of caloric curves of BE and MB clusters subject to wall confinements
at three different radii. This representation neatly encapsulates the commonalities
and the differences and thus highlights the impact of bosonic quantum statistics
in clusters with cylindrical symmetry.




















Figure 2.4.15: Caloric curves for clusters with different radii R̂ of confinement in
comparison. BE clusters are represented by solid lines and MB clusters by dashed
lines.
The MB caloric curves are all monotonically rising and leveling off at the same
temperature. The internal energy decreases gradually as the temperature is being
lowered. At given temperature, the internal energy is lower if the wall confine-
ment is tighter, which makes sense for noninteracting point particles. Under tight
confinement, the gravitational self-energy becomes more negative. Gravitational
collapse is counteracted by kinetic energy, which only depends on temperature.
Lowering T , weakens that counteracting force and precipitates a gravitational
collapse at the same threshold value T̂MB. Here the gravitational self-energy di-
verges, which is consistent with the established result that the density of the MB
gas diverges at the center of the cluster. As the confinement loosens, the flat por-
tion of the caloric curve extends toward the left and approaches a horizontal line
more closely.
In the limit R̂→∞, a horizontal line extending all the way to infinity in both
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directions, reflecting the one-parameter family of profiles (2.4.5). For a completion
of the MB caloric curve, this infinite horizontal line must be supplemented by
vertical legs on the left at higher T̂ and on the right at lower T̂ .
The BE gas mimics the MB gas for as long as the thermal wavelength is much
shorter than the mean inter-particle distance. This is the case at high T̂ if the
space of confinement is sufficiently wide. Under tight confinement, the BE caloric
curve already deviates at high T̂ .
Except for very tight confinement (not shown here), the BE caloric curve is
not monotonic. It features a smooth local maximum and a smooth local minimum
at finite internal energies. We have interpreted the meaning of these extreme values
earlier. They signal instabilities in the framework of the canonical ensemble. Each
BE caloric curve also features two points of infinite slope, which signal mechanical
instabilities in the framewwork of the microcanonical ensemble.
The steeply rising portion of all BE caloric curves on the right represent the
BEC, assumed to have a high density not exceeding a given value. Unlike the MB
gas, the BE gas does not suffer a gravitational collapse. This raises the question
about an MB limit of the BE gas in the context of a self-gravitating cluster with
cylindrical symmetry. We can see that the as we increase R̂ the local maximum of
the BE caloric curve approaches the values associated with the threshold temper-
ature of MB gravitational collapse. In the limit R̂ →∞, the BE gas at the verge
of condensing thus becomes identical to one realization of the MB gas profile at
the verge of gravitational collapse.
2.4.2 Cylindrical BE clusters in D = 3
We again solve Eqs. (2.4.1) starting at high temperatures, where we expect,
at first, gradual deviation from MB behavior and then a singularity. There will be
similarities to the results of Sec. 2.4.1 because of the same symmetry and differences
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because of the different dimensionality of space.
We begin our analysis again at high T̂ by taking a look at how differences
from the MB profile (2.4.1) emerge. This is shown in Fig. 2.4.16 for a case that
lends itself to direct comparison with the case D = 2 as presented in Fig. 2.4.1.
The differences in the two plots are hardly noticeable.











T = 0.525, 0.55, 0.575, 0.6
BE, D = 3, Dσ = 2
R = 20
Figure 2.4.16: Scaled density profile of the BE gas in D = 3, Dσ = 2 confined to
radius R̂ = 20. The dashed lines represents the MB profile (2.4.1).
As we further lower T̂ , singularities will be encountered. The fugacity profiles
look similar to what we have seen for D = 2 in Sec. 2.4.1. However, the singular-
ities are of a different nature. In fact they cause fewer problems for the analysis.
Moreover, this case is more relevant for real applications. We must heed the prob-
lem of a divergent gravitational self-energy when the gas condenses and we set the
radius of the BEC equal to zero, as might be justified on the length scale in use.
We can regularize the singularity by setting the radius of the radius rc of the pure
BEC to a small nonzero value.
In what follows, we emulate the series expansion of the critical profile for
the chemical potential with which we have begun Sec. 2.5 below. The steps are
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µ̄′ − 4T̂ 1/2c g3/2(e−µ̄) = 0, (2.4.16a)
µ̄(0) = µ̄′(0) = 0, (2.4.16b)
for the rescaled chemical potential, µ̄
.
= −µ̂/T̂c = − ln ẑ, at criticality in the pure
gas phase. Only two occurrences of Dσ in the ODE produce changes when we






−µ̄) = 1, (2.4.17)
which is also modified due to change of symmetry. The analysis parallel to that


















































)[369 T̂c ζ (12) ζ (32)− 8π], ... (2.4.18)





























































, . . . (2.4.19)
Next we investigate the variation of the central fugacity as a function of tem-
perature for a system with a relatively wide radius of confinement, R̂ = 10. The
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result is shown in Fig. 2.4.17. Comparison with the corresponding result for the
case of lower spatial dimensionality but equal (cylindrical) symmetry, shown in
Fig. 2.4.2, demonstrates that the behavior is qualitatively the same. One land-
mark temperature is almost the same, the other not much different:
T̂L ' 0.548, T̂H ' 0.567 : R̂ = 10. (2.4.20)
As we tighten the confinement by making the value of R̂ smaller, the values
of T̂L and T̂H merge into T̂c, which then starts to increase and diverge in a power
law as the data plotted in Fig. 2.4.18 strongly suggest.
What follows in the remainder of this Sec. 2.4.2 parallels the corresponding
presentation of results in Sec. 2.4.1 for the case of a lower spatial dimension but
equal (cylindrical) symmetry. The conclusions are qualitatively the same. The
asymptotic power-laws have different exponents. The landmark values for temper-
ature, internal energy, and entropy are shifted significantly.
BE















Figure 2.4.17: Fugacity ẑ(0) at the center of a BE gas cluster in D = 3, Dσ = 2
confined to radius R̂ = 10. The curve represents a pure gas. The horizontal
segment at ẑ(0) = 1 represents a solution consisting of BEC and surrounding
gaseous halo.















◦ ◦ ◦ ◦ ◦ ◦ ◦
BE, D σ = 2, D = 3
(a)
























◦ ◦ ◦ ◦ ◦
BE, Dσ = 2, D = 3
(b)











Figure 2.4.18: Dependence of the critical temperature T̂c on the confining radius
for tight confinement. The dashed line represents the power-law 1/T̂c ∼ R̂1.3.
slightly differently:







































BE, Dσ = 2, D = 3
R = 10, rc = 0.1













Figure 2.4.19: (a) Dependence of interface radius r̂b on temperature T̂ for the case
where the radius of the pure BEC is chosen to have the value r̂c = 0.1. (b) Fraction
of particles in the gas phase as a function T̂ for all identified mixed-state solutions.
The dashed line indicates ∼ T̂ 5/2 behavior.
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Figure 2.4.20: (a) Free energy versus temperature. (b) Caloric curve. Both sets
include data for the pure gas phase and data for the mixes state. The radius of
the pure BEC is chosen to have the value r̂c = 0.1.
(a)





























Figure 2.4.21: (a) Entropy versus temperature. Data for the pure gas phase and
data for the mixes state. (b) Low-temperature entropy in the mixed phase. The


























Figure 2.4.22: Partial views of (a) caloric curve and (b) entropy versus temperature.
Data previously used Fig. 2.4.20(b) and 2.4.21(a) are reproduced within zoomed-in
window.
2.4.3 Salient features of clusters with cylindrical symmetry
Changing the symmetry of the cluster from planar to cylindrical has drastic
consequences for both the MB gas and the BE gas. Now both experience singular
behavior at a nonzero temperature, but of a different nature. For this summary
we consider a system with wall confinement that is not very tight.
At high temperature, the BE and MB density profiles then look very similar.
Upon lowering T̂ , differences first show up near the center of the cluster, where
the density is highest. Here the thermal wavelength first becomes comparable in
size to the mean inter-particle distance.
The central density of the BE gas initially grows faster than does its MB
counterpart. In D = 2 the former diverges at T̂H and the latter at T̂MB, which
is lower than T̂H. In D = 3 the BE central density does not diverge at T̂H but
becomes singular nevertheless. The MB gas behaves as in D = 2: it diverges at
T̂MB, which again is lower than T̂H.
We thus see the BE gas becoming more dense than the MB gas near the center
of comparable clusters when the temperature is lowered from a high value. At T̂H,
where condensation sets in, the density of the BE gas has reached a maximum.
From there on, the density of the BE gas at its interface with BEC decreases
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Figure 2.4.23: Entropy vs internal energy plot of the data previously used in
Figs. Fig. 2.4.20(b) and 2.4.21(a). Panel (a) covers a wide range with its inset
showing a zoomed-in view of the section where the mechanical instability takes
place. Further details at internal energies Êh and Êl are shown in panels (b) and
(c), respectively.




















Figure 2.4.24: Caloric curves for clusters with different radii R̂ of confinement in
comparison. BE clusters are represented by solid lines and MB clusters by dashed
lines.
when the temperature is further lowered, wheareas the the density of the MB
gas continues to increase until it diverges at T̂MB and the MB gas undergoes a
gravitational collapse.
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Unlike in the cluster with planar symmetry, here with cylindrical symmetry
the phase transition of the BE gas shares features with a typical first-order tran-
sition. The main difference between realizations in different spatial dimensions is
that the gas at criticality has infinite density in D = 2 and finite density in D = 3.
The transition between a pure gas state and a mixed-phase state consisting of
a BEC core and a gaseous halo is complicated by the fact that mechanical stability
must be taken into account. It is not clear how a gaseous macrostate could evolve
into a mixed-phase state in a quasistatic process. A close examination of caloric
curves gives us landmark values for temperature or internal energy, where one or
the other state becomes unstable in the canonical or microcanonical ensemble. It
is simple to predict the macrostate into which the system will settle as the result of
such an instability in both ensembles. The instabilities in the forward and reverse
directions happen at different point on the caloric curve. This strongly suggests
that hysteresis effects are important.
2.5 BE clusters with spherical symmetry
Density profiles of BE clusters with spherical symmetry (Dσ = 3) require a
space of dimensionality no lower than D = 3. Here we analyze the BE gas for
Dσ = D = 3. We again consider closed systems of finite mass and set gs = 1.
Stable stable systems without confinement do exist but they have infinite mass.
The density profiles are now inferred from physically relevant solutions of the













+ 6T̂ 1/2 g3/2(ẑ) = 0 (2.5.1a)




dr̂ r̂2g3/2(ẑ) = 1, (2.5.1b)
ρ(r̂) = T̂ 3/2g3/2(ẑ). (2.5.1c)
We begin this section differently from the previous ones, with the focus on
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the density profile at criticality. We assume that the central fugacity has reached
the value ẑ(0) = 1 and all particles are still in the gas phase. We show that the
profile of chemical potential can be expanded into a power series beginning with the
quadratic term. The expansion coefficients can be determined systematically. This
attribute is specific to spatial dimension D = 3 and can be adapted to cylindrical
symmetry (Dσ = 2) and planar symmetry (Dσ = 1). Here we only consider
spherical symmetry (Dσ = 3).
Writing ẑ = eµ̂/T̂c and setting µ̄
.
= −µ̂/T̂c = − ln ẑ, the (non-negative) rescaled





µ̄′ − 6T̂ 1/2c g3/2(e−µ̄) = 0, (2.5.2a)
µ̄(0) = µ̄′(0) = 0. (2.5.2b)
The value of the critical temperature T̂c for a given radius of confinement R̂ is





−µ̄) = 1. (2.5.3)
We conjecture that the ODE (2.5.2a) can be satisfied by a rescaled chemical






This ansatz guarantees that the boundary conditions (2.5.2b) are satisfied. The








n−2 = 6a2 + 12a3r̂ + 20r̂
2 + . . . (2.5.5)
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, . . . (2.5.8)
When we substitute these expansions into (2.5.2a) and enforce that equation,
we can determine the expansion coefficients sequentially by solving sets of linear




















































− π T̂c + 20
]
, ... (2.5.9)
The numerical values of all coefficients depend on the value of T̂c, which is to be
determined numerically via the normalization condition (2.5.3). It follows that the




























































, . . . (2.5.11)
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We have identified three different regimes of confinement, with small, interme-
diate and large radii R̂, where qualitatively different scenarios unfold upon cooling.
In the following we will discuss them separately. What they have in common is
that the BE gas exhibits, as expected, MB behavior at sufficiently high tempera-





, T̄MB = 0.794422 . . . , (2.5.12)
where it suffers a gravitational collapse (in the context of the canonical ensemble).
The BE gas is well known to produce a lower pressure than the MB gas does under
comparable circumstances. It is, therefore, expected, that the BE gas initiates
condensation at a temperature higher than T̂MB. How much higher is that critical
temperature and what is the nature of that transition? The answers to these
questions are likely to depend on the radius of confinement R̂.
2.5.1 Small radius of confinement
In Fig. 2.5.1 we show density profiles for a BE gas and an MB gas under tight
confinement (R̂ = 1) in comparison. The BE profiles are solutions of the ODE
(2.5.1a) and the MB profiles solutions of the ODE (2.2.40). In panel (a) we see
the gradually emerging deviation of the BE profile from the MB profile as the T̂ is
lowered from a high value, where they are almost indistinguishable. As expected,
the BE gas is weaker than the MB in withstanding the gravitational force. The
BE density near the center of the cluster rises faster than the MB density does.
The BE gas cluster hits a singularity at a higher temperature than the MB gas
cluster does.
The BE gas reaches criticality at
T̂c = 1.42249, (2.5.13)
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Figure 2.5.1: Comparison of BE density profiles (solid lines) and MB density
profiles (dashed lines) for R̂ = 1. (a) Demonstration of convergence at high T̂
and trend of deviations. (b) Critical BE profile at T̂c = 1.42249 compared with
MB profiles at T̂c ≤ T̂ ≤ T̂MB = 0.794422.
signalled by the central fugacity reaching the critical value: ẑ(0) = 1. The critical
BE profile is shown as solid line in panel (b). It has a cusp singularity at r̂ = 0.
Keep in mind that in this critical profile the gas is critical at the center of the
cluster only. The MB profile at T̂c is the dashed line with the lowest value at
r̂ = 0. As we lower the temperature toward the value,
T̂MB = 0.794422 . . . , (2.5.14)
where the MB gas suffers a gravitational collapse, the profile undergoes the changes
shown. The MB gas reaches higher densities than the BE gas does. Note that the
density profile of the MB gas at T̂MB, represented by the curve that reaches the
highest value, has zero slope at the center of the cluster, whereas the density profile
of the BE gas has negative slope.
This initial comparison make two points very clear: (i) BE gas clusters behave
quite differently from MB gas clusters in situations with spherical symmetry; (ii)
the MB gas cluster with spherical symmetry behaves, if anything, more differently
form its counterpart with cylindrical symmetry than the BE gas cluster does (in
D = 3).
In Fig. 2.5.2(a) we show the dependence of the central fugacity on temperature.
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We distinguish three regimes. At T̂ > T̂MAX ' 4.16 there exist a unique, noncritical
gaseous profile and at 0 < T̂ < T̂c ' 1.42 a unique mixed-phase profile consisting
of a BEC core and a gaseous halo. In between, for T̂c < T̂ < T̂MAX, the ODE
has the three solutions with equivalent boundary conditions: one is pure gas state
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Figure 2.5.2: (a) Central fugacity of a BE cluster in Dσ = D = 3 confined to a
radius of R̂ = 1. Stable density profiles of pure gas are represented by each point
along the curve for T̂ > T̂c. Points on the horizontal line for 0 ≤ T̂ ≤ T̂MAX
represent mixed-phase states. (b) The mixed-phase profiles are unique for T̂ < T̂c.
Two distinct solutions exist for T̂c < T̂ < T̂MAX. The ratio r̂b/r̂c determines, vial
(2.2.163), the fraction of particles in the condensate. We have set r̂c = 0.1.
As in the cases of planar and cylindrical symmetry, the boundary conditions
for the mixed-phase state with the same total number of particles must be modified.
This modification was worked out in Sec. 2.2.6. We again introduce a scaled radius
r̂b, which is a fraction of the radius r̂c of the pure BEC, and represents the radial
distance of the interface between the two phases from the center of the cluster. For
the case at hand we have
























For all results shown in this Sec. 2.5.1 we use r̂c = 0.1, which is large enough to
accommodate short-distance regularization computationally, yet sufficiently small
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to permit a decent physical representation of the gaseous halo. We also assume
that the the gas is critical at the interface with the BEC, which implies that we
set ẑ0 = 1.
In Fig. 2.5.2(b) we have plotted the BEC radius r̂b in units of the radius r̂c
of the pure BEC across the range 0 ≤ T̂ ≤ T̂MAX, where mixed-phase solutions
exist. We see that one or two solutions exist depending on whether T̂ fall below
or above T̂c. We shall see (via free-energy the examination) that the upper branch
is at least metastable and the lower branch unstable.
Equation (2.5.15b) relates the interface radius to the order parameter. We
have used that relation and the data from Fig. 2.5.2(b) to generate the data of
Fig. 2.5.3, showing the fraction of gas particles in mixed-phase macrostates. States
in the lower branch are at least metastable. States in the upper branch are unsta-
ble. The dotted line represents the asymptotic power-law behavior, Ngas/N ∼ T̂ 5/2,
of the order parameter at low temperatures. These data suggest the order param-
eter, which is 1−Ngas/N , has a discontinuity at T̂MAX, one of the signatures of a
first-order phase transition.
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Figure 2.5.3: Fraction of particles in the gaseous halo for mixed phase macrostates
versus temperatures.
Further attributes associated with first-order phase transitions are recog-
nizable in the Helmholtz free energy plotted versus temperature as shown in
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Fig. 2.5.4(a). It shows the the features familiar from Maxwell’s construction in
the van der Waals gas, namely two partially overlapping concave branches, con-
nected by a convex branch. The lower of the two concave branches represents the
stable macrostate and the higher a metastable macrostate. The convex branch
represents an unstable state, which is not physically realized. The two concave
branches switch status between stability and metastability at T̂T, which in a ho-
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Figure 2.5.4: (a) Helmholtz free energy, F̂ , plotted versus scaled temperature and
(b) caloric curve for a cluster confined to radius R̂ = 1.
When the BE gas cluster cools down quasistatically, e.g. via slow radiation,
the gaseous macrostate is stable down to T̂t and remains metastable down to T̂c,
where it disappears. A mixed-phase macrostate, consisting of a BEC core and
a gaseous halo exists below T̂MAX. It is metastable above T̂t and stable below
T̂t. What happens to the cluster when cools down quasistatically across these
landmark values of temperature, is unclear.
There is no obvious sequence of equilibrium macrostates that connects the
gaseous state and the mixed-phase states at T̂t. The complication has to do with
the fact that any such sequence of macrostates must satisfy, in addition to the
thermal equilibrium condition, also a nontrivial mechanical equilibrium condition.
Searching for such a sequence of macrostates will be a separate project discussed
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elsewhere. However, all evidence suggests that the metastable macrostates identi-
fied in Fig. 2.5.4(a) have very long lifetimes [23].
One possible scenario within the framework of the canonical ensemble is that
when the gaseous cluster is cooled down slowly, its profile will change only gradually
down to T̂c. The incipient criticality at the center of the cluster at this temperature
triggers the onset of condensation coupled with a mechanical instability. What
actually happens then defies any description in terms of quasistatic processes. If
the temperature is kept constant by means of a heat bath (e.g. via the confining
wall), then the system will settle down in the mixed-phase macrostate, which has
a lower free-energy. Keeping the temperature at T̂c will require the extraction of a
fair amount of heat through the wall of confinement. Further cooling will produce
more condensation. The condensation is only completed at T̂ = 0.
Starting from the pure BEC at T̂ = 0 and adding heat through the confining
wall quasistatically, reverses the condensation processes passed T̂c all the way to
T̂MAX. Across this entire range of temperatures, the gas remains critical at the
interface with the BEC. At T̂MAX, the BEC has not yet been entirely evaporated
into gas, when a different mechanical instability is triggered. It is again impossible
to describe what happens in terms of a sequence of equilibrium states. The system
will settle down in the gaseous macrostate at T̂MAX, which has a lower free energy.
Between the initial and final equilibrium states, the heat bath must supply heat
to keep the temperature at the same value. We conclude that effects of hysteresis
are an intrinsic feature of this transition.
The jump between macrostates at T̂c upon cooling and at T̂MAX upon heating
up is along vertical lines in the free-energy plot of Fig. 2.5.4(a), always downward,
from high to low free energy. In the plot of the caloric curve shown in Fig. 2.5.4(b),
these same jumps are horizontal at η̂c and η̂MAX, respectively. The instability is
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triggered at the point of extremum on the caloric curve and ends in the point
where the horizontal line intersects the caloric curve. On the way down, energy
is removed from the cluster during the instability and on the way up, energy is
added to the system to keep the temperature constant.
The instabilities leave their characteristic signatures also in the entropy plot
shown in Fig. 2.5.5(a). Here the instabilites are triggered at points of infinite
slope and proceed along vertical lines. Upon cooling, the bridge between two
equilibrium states at η̂c requires that entropy is extracted. Upon heating up,
entropy must be added at η̂MAX to connect the two relevant macrostates. The
graph in Fig. 2.5.5(b) demonstrates the asymptotic power-law behavior of the
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Figure 2.5.5: Scaled entropy plotted versus scaled temperature for a cluster con-
fined to radius R̂ = 1.
In an astrophysical context, the relatively fast processes triggered by the me-
chanical instability are more appropriately described within the microcanonical
ensemble. There is little opportunity for heat exchange during the time it takes
the cluster to settle down in a new macrostate in the wake of a mechanical insta-
bility. An important point to note then is that the instabilities occur at different
point on the caloric curve. They are closer together in temperature. The instabil-




























Figure 2.5.6: Partial views of (a) caloric curve and (b) entropy versus temperature.
Data previously used Fig. 2.5.4(b) and 2.5.5(a) are reproduced within zoomed-in
window.
shown in Fig. 2.5.6.
In panel (a) we reproduce a zoomed-in portion of the caloric curve from
Fig. 2.5.4(b). The mechanical instabilities in the microcanonical ensemble occur
at point of infinite slope and system settles down in a macrostate with the same
internal energy. That macrostate must have and does have a higher entropy, as is
evident in panel (b). In one case it represents a macrostate at higher temperature,
in the other case a macrostate at lower temperature. A negative ∆Ŝ/∆T̂ is un-
usual, representing a negative heat capacity. It is known to be a common occurence
for systems with long-range interactions in the microcanonical ensemble.
In Fig. 2.5.7 we show a plot of entropy versus internal, energy, which, for
the microcanonical ensemble, plays a role equivalent to that which the free energy
versus temperature plot of Fig. 2.5.4(a) does for the canonical ensemble. The
distinction between stable, metastable, and unstable branches are analogous. Here
stability belongs to the macrostate with the highest entropy.
2.5.2 Intermediate radius of confinement
When increasing the confining radius of the cluster to an intermediate radius
of confinement, 1.64 . R̂ . 27.35, new features appear. There is now a range
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BE, Dσ = D = 3
R = 1





















Figure 2.5.7: Entropy vs internal energy plot of the data previously used in
Figs. 2.5.4(b) and 2.5.5(a).
of temperatures where two solutions representing purely gaseous macrostates si-
multaneously satisfy the ODE and boundary conditions of (2.5.1). In addition,
we see new an extra solution for mixed-phase macrostates as well. Both of these
changes can be seen in the two panels of Fig.(2.5.8), which are now similar to the
same curves of cylindrical clusters with a large confining radius. In fact, the curves
are qualitatively identical. By comparing Fig.(2.5.9) to Fig.(2.4.19)(b) we see that
the order parameter Ngas/N has the same asymptotic power-law behavior at low
temperature. This suggests that the asymptotic behavior of the order parameter
is dependent on the spatial dimension of the cluster and not the cluster symmetry.
Comparing these same figures for all six cases of Dσ ≤ D provides further evidence
of this, and upon inspection it appears that the exponent of the power-law is given
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Figure 2.5.8: (a) Central fugacity of a BE cluster in Dσ = D = 3 confined to
a radius of R̂ = 10. Density profiles of pure gas are represented by each point
along the curve for T̂ > T̂L. Points on the horizontal line for 0 ≤ T̂ ≤ T̂MAX
represent mixed-phase states. (b) The mixed-phase profiles are unique for T̂ < T̂c.
Two distinct solutions exist for T̂H < T̂ < T̂MAX. The ratio r̂b/r̂c determines, via
(2.2.163), the fraction of particles in the condensate. We have set r̂c = 1.
BE, D σ = D = 3


















Figure 2.5.9: Fraction of particles in the gaseous halo for mixed phase macrostates
versus temperatures.
Shifting focus to energy curves we can see that the are again qualitatively
identical to those describing a cluster of a large confining radius in Dσ = 2,D = 3.
A first order phase transition at T̂t is again accompanied by more calamitous
transitions at the temperatures T̂L and T̂MAX . In the microcanonical ensemble,the
qualitative analysis again parallels that of sec. 2.4.1 for clusters with large confining
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radius. A change in stability occurs at the landmark energies Êl and Êh where the
slope of the caloric curve is infinite, see Fig.(2.5.12). The plot of entropy versus
internal energy, which can be seen in Fig.(2.5.13), is again mostly monotonic except
for a small range of energy where the function is multi-valued. Two of the branches
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Figure 2.5.10: (a) Helmholtz free energy, F̂ , plotted versus scaled temperature and





BE, D σ = D = 3
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BE, Dσ = D = 3
R = 1








Figure 2.5.11: Scaled entropy plotted versus scaled temperature for a cluster con-























Figure 2.5.12: Partial views of (a) caloric curve and (b) entropy versus temperature.
Data previously used Fig. 2.5.10(b) and 2.5.11(a) are reproduced within zoomed-in
window.
(a)
BE, D σ = D = 3
R = 10
























Figure 2.5.13: Entropy vs internal energy plot of the data previously used in
Figs. 2.5.10(b) and 2.5.11(a).
2.5.3 Large radius of confinement
Increasing the confining radius further leads to the appearance of a third
branch in the ẑ0− T̂ curve which can be seen in the first panel of Fig.(2.5.14). The
new branch introduces a new landmark temperature where the topmost branch
has infinite slope which we call T̂H. The temperature where the gas becomes crit-
ical, where ẑ0 reaches unity, is now labeled as T̂M. In the range of the these two
temperatures there now exists three solutions to the ODE (2.5.1) which repre-
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sent a purely gaseous macrostate. Above T̂H there exists a unique solution for
purely gaseous clusters, but as we have previously seen a mixed-phase macrostate
also exists above the critical temperature up to the temperature T̂MAX . Below
T̂M two gaseous macrostates exist until reaching T̂L. Below T̂L no purely gaseous
macrostates exist, but only the mixed-phase state. The second panel of Fig.(2.5.14)
is qualitatively the same as what is produced for cylindrically symmetric clusters
with a large confining radius. In Fig.(2.5.15) we plot the fraction of particles in
the gaseous halo that exists below T̂MAX . The dashed curve suggests the low tem-
perature power-law dependence on temperature Ngas/N ∝ T̂ 5/2, which is retained
for all investigated values of R̂.
The appearance of the third branch in the ẑ0−T̂ curve corresponds to increased
spiraling of the caloric curve. This can be seen in the second panel of Fig.(2.5.16).
In other words, a horizontal line drawn within the temperature range T̂M ≤ T̂ ≤ T̂H
will now intersect the caloric curve at three different energies. Comparing this
caloric curve to what was obtained for the intermediate confining radius we can
see that they are nearly identical. In the framework of the canonical ensemble
we again see a first-order phase transition at the transition temperature T̂t and
the well known collapse at T̂L. The new feature, according to Poincaré’s turning
point criteria [2], is the change in stability which occurs at the point of zero slope
as the spiral turns into itself. This feature, which is absent for smaller confining
radii, signifies further decrease in stability of the gaseous phase solutions. This new
node of instability is also present in the microcanonical ensemble, where changes
in stability instead occur at points of infinite slope along the caloric curve, which
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Figure 2.5.14: (a) Central fugacity of a BE cluster in Dσ = D = 3 confined to
a radius of R̂ = 100. Density profiles of pure gas are represented by each point
along the curve for T̂ > T̂L. Points on the horizontal line for 0 ≤ T̂ ≤ T̂MAX
represent mixed-phase states. (b) The mixed-phase profiles are unique for T̂ < T̂c.
Two distinct solutions exist for T̂H < T̂ < T̂MAX. The ratio r̂b/r̂c determines, via
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Figure 2.5.16: (a) Helmholtz free energy, F̂ , plotted versus scaled temperature and
(b) caloric curve for a cluster confined to radius R̂ = 10.




















BE, Dσ = D = 3
R = 1








Figure 2.5.17: Scaled entropy plotted versus scaled temperature for a cluster con-


























Figure 2.5.18: Partial views of (a) caloric curve and (b) entropy versus temperature.
Data previously used Fig. 2.5.16(b) and 2.5.17(a) are reproduced within zoomed-in
window.
(a)
BE, D σ = D = 3
R = 100




























Figure 2.5.19: Entropy vs internal energy plot of the data previously used in
Figs. 2.5.16(b) and 2.5.11(a).
2.5.4 Caloric curves in comparison
Below, we compare directly caloric curves for several values of confining radius.
In Fig.(2.5.20) we show the curves for intermediate and large confining radii in our
established scaling convention. In the two panels we plot the caloric curve for the
MB gas, which is shown in red, alongside the corresponding caloric curve of the BE
clusters. For all values if confining radii the MB curve is in good agreement with
BE curves at high temperature and high energy which is to be expected since the
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BE gas is quite dilute under these conditions. The curves continue to be in good
agreement until reaching the point of mechanical instability in the microcanonical
ensemble, which is where the curve first has infinite slope if traversing from left
to right. Shortly after this the curve of the BE cluster unwinds and deviates from
the MB curve. The severity of this deviation depends on the confining radius of
the cluster. Clusters with larger confining radii can accommodate greater distance
between gaseous particles which is why we see greater congruence between the BE
and MB curves as R̂ increases. In the limit R̂→∞ we can expect the MB and BE
curves to be identical. In Fig.(2.5.21) we can see the same curves as in Fig.(2.5.20)
in the classical scaling. The red curve is the caloric curve of a MB cluster in the
limit R̂ → ∞. We can again see the effect of the confining radius on the overall
shape of the curve in that as R̂ increases the caloric curve of the BE cluster grows
in resemblance to the classical curve, which can be better seen in the second panel
of Fig.(2.5.21).
(a)
BE, D σ = D = 3
rc = 1 R
 = 100
R = 50











BE, Dσ = D = 3
rc = 1 R
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Figure 2.5.20: Caloric curves of spherical BE clusters for R̂ = 10, 50, 100. Each
curve is shown in black with a corresponding MB curve shown in red.
175
(a)


































Figure 2.5.21: Caloric curves of spherical BE clusters plotted in the classical units.
The three curves for R̂ = 10, 50, 100 are shown in black alongside the caloric curve
of the classical gas displayed in red.
2.5.5 Impact of confinement
In previous sections we have discussed, qualitatively, clusters of varying con-
fining radius and we have seen the impacts that the confining radius can make. In
this section we explore the impacts of the confining radius in a more quantitative
approach. One effect of increasing the radius of confinement was the addition of
branches to the curves of central fugacity. We have seen that, so long as the con-
fining radius is sufficiently large, as R̂ decreases the value of ẑL and ẑH increase.
When these values reach unity there is a decrease in the number of branches on
the ẑ0 − T̂ curve. In Fig.(2.5.22) we plot these central fugacity values in order
to determine at what confining radius does each central fugacity reach unity. In
panel (a) a log-log plot reveals that ẑL(0) may go to unity at R̂ = R̂
* ≈ 1.64. This
suggests that for R̂ . 1.64 the curve of the central fugacity is single valued when
considering only the gaseous macrostates. Similarly, in panel (b) the data suggests
that ẑH(0) approaches unity at R̂ = R̂* ≈ 27.35. Therefore, for 1.64 . R̂ . 27.35
there exists a maximum of two gaseous macrostates at a given temperature and
for R̂ & 27.35 there are more than two gaseous macrostates.
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BE, Dσ = D = 3
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Figure 2.5.22: Evolution of the fugacities ẑL(0) and ẑH(0) with changing confining
radius. The dashed line represents the conjecture 1 − ẑL(0) ∝ (R̂ − R̂∗)4/3 in
(a) and 1 − ẑH(0) ∝ (R̂ − R̂∗)3/2 in (b). The radial value R̂∗ ∼ 1.64 represents
the value of confining radius where the ẑ0 − T̂ curve transitions from being single
valued to having a temperature range in which two non-critical solutions to (2.2.21)
exist. R̂∗ ∼ 27.35 and marks the value of confining radius where the ẑ − T̂ curve
transitions from being double valued to triple valued.
Another feature that changes qualitatively with confining radius are the land-
mark temperatures. In Fig.(2.5.23) we investigate the evolution of the critical
temperature T̂c. The collected data suggests that 1/T̂c goes quadratically to zero
with R̂ and that T̂c goes to zero linearly with R̂. Next, we look at the tempera-
tures T̄L and T̄E, the temperatures which mark the collapse in the canonical and
microcanonical ensembles, respectively. It should be noted here that T̄ = R̂T̂ .
The log-log plots of T̄L and T̄E versus the inverse confining radius shed some light
on these landmark temperatures as R̂→∞. In panel (a) it appears that in such a
limit T̄L goes to T̄CE ≈ 0.79448. The dashed curve suggests a power-law decay like
R̂−3/2. The microcanonical collapse temperature can be seen plotted similarly in
panel (b) of the same figure. Here, the dashed curve shows the proposed power-law
R̂−5/4, and an asymptotic value for T̄E to be T̂MCE ≈ 0.984804. The final tempera-
ture which we investigate is T̄u. This is the temperature where the heat capacity at
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constant pressure changes sign. In Fig.(2.5.25) we plot this temperature for several
values of R̂ in a log-log plot. The fit of the collected data, shown by the dashed
curve, suggests a power-law dependence like R̂−3/5 at large R̂ and an asymptotic
value of T̄ *u ≈ 0.82153. This result for T̄ *u is in good agreement with the value
obtained by deVega and Sanchez [24] through Monte Carlo techniques.
BE, Dσ = D = 3












Figure 2.5.23: Critical inverse temperature versus scaled confining radius in Dσ =
D = 3 plotted on a log-log scale. The dotted line suggest that η̂c goes to zero
quadratically with R̂, while the dashed line predicts T̂c goes to zero linearly with
R̂.





























Figure 2.5.24: Asmptotic behavior of landmark temperatures T̄L and T̄E in the
limit R̂ → ∞. The log-log plots of (a) and (b) suggest the asymptotic values
T̄CE ≈ 0.79448 and T̄MCE ≈ 0.984804, respectively.
178













Figure 2.5.25: Log-log plot of the landmark temperature T̄u for different values
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Self-Gravitating Relativistic Fermi-Dirac Clusters with Planar,
Cylindrical, and Spherical Symmetry
3.1 Introduction
In the first chapter of this work we discuss the nonrelativistic self-gravitating
Fermi gas. This was first modeled by Fowler [1], shortly after the discovery of
quantum statistics by Fermi [2, 3] and Dirac [4], in an attempt to explain the nature
of white dwarf stars. Fowler [1], considered a nonrelativistic Fermi gas subject
to Newtonian gravity which was an excellent approximation for the modeling of
white dwarf stars. Subsequent models were developed by Stoner [5], Milne [6], and
Chandrasekhar [7]. These studies led to the concept of a maximum mass for white
dwarf stars which is Mmax ≈ 1.42M [8, 9, 10, 11]. In order to evade the problem
of the vanishing radius for white dwarfs with mass close to Mmax Kaplan [12] and
Chandrasekhar and Tooper [13] considered a general relativistic approach which
keeps the radius finite. A similar approach was used by Oppenheimer and Volkoff
[14] in their modeling of neutron stars as a highly dense degenerate Fermi gas. The
self-gravitating fermionic gas model evolved to be used as a model for dark matter
halos, originally as degenerate objects in the nonrelativistic limit [15, 16] and in
general relativity [17, 18]. In later models finite temperatures were considered in
both Newtonian gravity [19, 20] and general relativity [21] leading to the concept
of a ”core-halo” structure.
The statistical mechanics of the self-gravitating Fermi gas is of great impor-
tance in gaining a better understanding of the theoretical and observed objects
that
The self-gravitating Fermi gas can be used to describe a number of theoretical
and observed objects, therefore, it is of great importance to study the statisti-
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cal mechanics of such systems. In particular, it is beneficial to understand the
evolution of these objects as they decrease in temperature and form compact de-
generate clusters. The equilibrium states of classical self-gravitating gases were
considered by Antonov [22] and Lynden-Bell and Wood [23] who employed a vari-
ational principle to determine the most likely state. This led to the concept of a
”gravo-thermal catastrophe” [23] which was used to explain a sudden change in
phase in self-gravitating objects. Little seems to be known on the nature of these
phase transitions, especially those of first-order observed in the canonical and mi-
crocanonical ensembles. We aim to tackle this problem in later works [24, 25]. In
what we follows, we focus on providing an exhaustive description of the equilib-
rium states of the fully degenerate relativistic self-gravitating Fermi-Dirac gas by
combining the conditions of thermal and hydrostatic equilibrium with Newtonian
gravity and a relativistic equation of state.
3.2 Relativistic energy-momentum relation
We begin by preparing the groundwork for an extension of our analysis in
chapter 1 of density profiles of self-gravitating FD clusters with various symme-









pc : ε mc2,
(3.2.1)
the nonrelativistic (NR) and ultrarelativistic (UR) limits indicated. Our analysis
covers the full range. As long as we do not consider particle conversions, it is
convenient to subtract the rest energy mc2 from the energy-momentum expression.
Relativistic kinetic energies of particles inevitably become important as the number
of fermions in the cluster increases. The exclusion principle forces their placement
into states of higher and higher energies even in the absence of thermal fluctuations.
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High temperature enhances the population of high-energy states even in smaller
clusters.
For the analysis that follows it is important to distinguish two spaces of dimen-
sionality D = 1, 2, 3. The particles are positioned in a cluster of planar symmetry
(Dσ = 1), cylindrical symmetry (Dσ = 2), or spherical symmetry (Dσ = 3) spread
across real space. Clusters with planar symmetry exist in D = 1, 2, 3, clusters with
cylindrical symmetry in D = 2, 3, and clusters with spherical symmetry in D = 3.
The distribution of particle momenta at any location in real space has maximum
symmetry (planar in D = 1, cylindrical in D = 2, and spherical in D = 3). Cases
with Dσ < D are realized only in real space.
In clusters of low total mass, the kinetic energy of almost all particles remains
nonrelativistic under all circumstances of interest. In Ref. [24] we have tacitly made
this assumption. Here and in the following we explore effects that come into play
when the total mass of the cluster increases into regimes where that assumption no
longer holds. As it turns out, relativistic effects encoded in the energy-momentum
relation (3.2.1) enhance the density of energy levels locally, which, in turn, enhance
the effects of gravity against ambient pressure mustered by the exclusion principle
and thermal fluctuations.
Consider a fictitious hypercubic box of volume V = LD, small enough that the
density of particles in real space can be assumed uniform across it. Within such
a box , the density of states is uniform in k-space: (L/2π)D. This fact combined
with the energy-momentum relation (3.2.1) can be used to calculate the energy
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The crossover between the nonrelativistic and ultrarelativistic energy-momentum
relations is visualized in Fig. 3.2.1 for the cases D = 1, 2, 3. Note that in D = 2
the curve plotted log-log represents a linear function with unit slope and intercept:
D̄(ε̄) = ε̄+ 1.
From here onward the mathematical analysis moves along different tracks
depending on whether we analyze density profiles at zero or nonzero temperature.

































Figure 3.2.1: Scaled density of states D̄(ε̄) crossing over at ε̄ ' 1 between the NR
and UR regimes in dimensions D = 1, 2, 3.
185
For the exploration of relativistic effects on FD clusters at T = 0 we largely
follow and build on the prior work reported in Ref. [26]. For the extension of our
exploration to T > 0 we rely to some extent on prior work reported in Ref. [27].
3.3 Relativistic density profiles at T = 0
The goal here is to generalize the results of Sec. 1.3 of chapter 1 to include the
relativistic effects identified above. In the nonrelativistic case (Sec.1.3) we have
derived all results from an ODE for the Fermi energy εF (chemical potential µ at
T = 0), scaled using our second scaling convention (Sec. 1.2.5). Here we adopt
the strategy of [26] and use the Fermi momentum pF(r) (appropriately scaled) as
the solution of the ODE from which density profiles will be determined.
We begin by restricting the fundamental thermodynamic relations (Sec. 1.2.1)
to zero temperature and, at the same time, extending them to include the rela-






















They express the (local) pressure, particle density, and energy density as functions














1 + p̄2 − 1. (3.3.2)
1Unlike earlier we use P to denote pressure in order avoid confusion with momentum p.
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It is convenient to transform expressions (3.3.1) as follows [26];
P = aD ϕD(p̄F), (3.3.3a)


































The integral (3.3.5) is readily evaluated in D = 1, 2, 3 [26]:
ϕ1(p̄F) = 4p̄F
√














1 + p̄2F + 3Arsinh(p̄F). (3.3.6c)
With the conditions of thermal equilibrium in place, we implement the con-
dition (I2.7) of mechanical equilibrium,
d
dr
P (r) = Mρv(r)g(r), (3.3.7)






′) (r < r0). (3.3.8)
The derivative on the left of (3.3.7) becomes






2Our aD is equivalent to A2 and our bD is equivalent to B/µH in [26]. For the gravitatlional
mass we use M instead of µH.
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We substitute these ingredients into (3.3.7), divide by ρv on both sides and then
differentiate to eliminate the integral on the right. After some rearrangement of













1 + p̄2F = 0, (3.3.10)
subject to boundary conditions,
p̄F(0) = p̄
(0)
F > 0, p̄
′
F(0) = 0. (3.3.11)
The value p̄
(0)













which ensures that the number of particles is conserved.3 The structure of the





1 + p̄2F. (3.3.13)












A scaled version of this ODE for the case D = Dσ = 3 is known as Chandrasekhar’s
differential equation [26]. The underbraced factor in (3.3.14) has the dimension of
an inverse length squared. We can thus eliminate the underbraced parameters by










The ODE for the function ȳ(r̄)
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3The definition of Ñ was given in (Sec. 1.2.3): Ñ = NLDσ−D.
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and only depends on discrete parameters, Dσ,D, representing the symmetry of
the cluster in real space and the dimensionality of that space, respectively. The
boundary conditions for a solution representing a cluster of radius r̄0 are
ȳ(r̄0) = 1, ȳ
′(0) = 0. (3.3.17)






In general, the shape of the density profile varies with the total mass mtot of the
cluster in a way that cannot be removed by rescaling. For a given radius r̄0 we can
calculate the total mass from the normalization condition (3.3.12) converted into









In all cases with Dσ = D, Ñ represents the number of particles with kinetic mass
m. We shall assume, for the most part, that they are electrons, for which gs = 2.
If Dσ = D − 1, then N is the number of particles per unit length of the cluster
with reduced symmetry. Correspondingly, if Dσ = D − 2 then Ñ is the number of
particles per unit area under further reduction of the symmetry. Natural units for
the number of kinematically relevant particles and for the total mass are4
ÑC
.
= ADσbD rDσC , M̃C
.
= MÑC. (3.3.20)














For the case Dσ = D = 3 we have, if we assume that m is the mass of the
electron (implying gs = 2) and M is twice the mass of a nucleon,
rC ' 3.87× 106m, ÑC ' 4.26× 1056, M̃C ' 1.42× 1030kg. (3.3.22)
4The quantities rC and M̃C are equivalent to R0 and M0, respectively, in [26] if Dσ = D.
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' 5.55× 10−3. (3.3.23)
3.3.1 Nonrelativistic limit
We start from the ODE (3.3.16) and the boundary conditions (3.3.17),
(3.3.21). If N̄ is sufficiently small, all particle momenta can be treated nonrel-
ativistically, implying that pF  mc, i.e. p̄F  1. Leading-order expansions,







 p̄DF , (3.3.24)
convert Eqs. (3.3.16), (3.3.17), (3.3.21) into








F = 0, (3.3.25a)


















F = 0, (3.3.27a)





The scaled density (3.3.18) becomes
ρ̄v(r̄) = [2ε̄F(r̄)]
D/2. (3.3.28)
Note that the normalization condition in (3.3.27b) still depends on the size
of the cluster, which is not the case in the corresponding normalization conditions
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used in Secs. 1.2.4 and 1.2.5. However, the cluster-size dependence in (3.3.27) can
be eliminated by an additional scale transformation of the form,5
r̃
.











F = 0, (3.3.30a)





provided the two exponents α1, α2 in (3.3.29) satisfy the two linear relations,
2α1 + (D/2− 1)α2 = 0, Dσα1 + (D/2)α2 = 1, (3.3.31)
which have the solution,
α1 =
2−D
2D + 2Dσ −DDσ
, α2 =
4
2D + 2Dσ −DDσ
. (3.3.32)
This confirms the fact previously established that nonrelativistic density profiles
at zero temperature have shapes that do not depend on the size (or mass) of the
cluster. The exponent values are listed in Table 3.3.1 for the six combinations of
Dσ and D. In order to demonstrate the approach of the general density profile as
calculated from (3.3.16) to the universal profile in the nonrelativistic limit we use
the following rescaling scheme:
r̃ = r̄N̄−α1 , ρ̃v(r̃) = ρ̄v(r̄)N̄
−Dα2/2. (3.3.33)
3.3.2 Ultrarelativistic limit
We again start from the ODE (3.3.16) and the boundary conditions (3.3.17),
(3.3.21). If N̄ is sufficiently large, most particle momenta can be treated ultrarel-
ativistically, implying that pF  mc, i.e. p̄F  1. Leading-order expansions,




 p̄DF , (3.3.34)
5The tilde and bar scales used here differ from the tilde and bar scales introduced in Sec. 1.2
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Table 3.3.1: Scaling exponents for universal density profiles of nonrelativistic FD
clusters.










Dσ D α1 α2














F = 0, (3.3.35a)





The scaled density (3.3.18) becomes
ρ̄v(r̄) = [p̄F(r̄)]
D. (3.3.36)
The dependence on N̄ of the normalization condition in (3.3.35b) can again be
eliminated by a scale transformation,6
r̂
.




If the two exponents satisfy the linear relations,
2β1 + (D − 1)β2 = 0, Dσβ1 +Dβ2 = 1, (3.3.38)






F = 0, (3.3.39a)





6The hat and bar scales used here differ from the hat and bar scales introduced in Sec. 1.2.
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The exponent values for the six combinations of Dσ and D are listed in Table 3.3.2.
The infinities in the case Dσ = D = 3 signal the well-known instability against
gravitational collapse of FD clusters beyond a critical size. In order to demon-
strate the approach of the general density profile as calculated from (3.3.16) to the
universal profile in the ultrarelativistic limit we use the following rescaling scheme:
r̂ = r̄N̄−β1 , ρ̂v(r̂) = ρ̄v(r̄)N̄
−Dβ2 . (3.3.41)
Table 3.3.2: Scaling exponents for universal density profiles of ultrarelativistic FD
clusters.
Dσ D β1 β2













2 3 −1 1
3 3 −∞ ∞
As we investigate T = 0 density profiles of FD clusters we thus expect the
shape to gradually cross over between two universal shapes characteristic for each
combination of Dσ and D, one shape representing the nonrelativistic limit and the
other shape the ultrarelativistic limit. The exception is the case Dσ = D = 3,
where we expect the radius of the cluster to shrink to zero a at a critical value of
N̄ .
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3.3.3 Relativistic density profiles in Dσ = 1, D = 1




as determined by the solution of the ODE,
ȳ′′ +
√
ȳ2 − 1 = 0, ȳ(0) = ȳ0 > 1, ȳ′(0) = 0. (3.3.43)
A numerical solution is readily found. It is a unique, monotonically decreasing
function across the interval 0 ≤ r̄ ≤ r̄0, where ȳ(r̄0) = 1. The density vanishes at










Two density profiles determined in this manner are shown in Fig. 3.3.1. This
is the default method for the calculation of density profiles. It uses the initial
condition ȳ0 > 1 as a parameter. The cluster radius r̄0 and the cluster size N̄ are
then functions of this parameter. The functional relation between r̄0 and N̄ is of
general interest and has been investigated before [26]. The shape of the density
profile changes with ȳ0.














Figure 3.3.1: Scaled density profile of relativistic FD gas in Dσ = 1, D = 1 and
T = 0. Initial condition: ȳ(0) = 2.0, 1.5. Cluster radius: r̄0 = 1.151, 1.007.
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It is possible to move one step closer to an analytic solution of (3.3.43) by
transforming it into the (effectively first-order) ODE,
r̄′′ −
√
ȳ2 − 1 (r̄′)3 = 0, r̄(ȳ0) = 0, r̄′(ȳ0) = −∞, (3.3.45)
for the inverse function r̄(ȳ). The first integral is obtained analytically, via sepa-
ration of variables, from the negative root of
[r̄′(ȳ)]−2 = ȳ0
√









ȳ20 − 1 + ȳ0
)
, (3.3.46)











ȳ2 − 1 r̄′(ȳ). (3.3.48)
With these pieces in place, we can calculate the dependence of the (scaled) cluster
radius r̄0 on the scaled number N̄ of particles in the cluster, a measure of cluster
size. A logarithmic plot of that dependence is shown in Fig. 3.3.2. It confirms the
power-law dependence (I2.60) worked out earlier for the nonrelativistic regime and
predicts that the cluster radius will approach an asymptote in the ultrarelativistic
limit.
In the following we show how the shape of the density profile crosses over
from one universal shape characteristic for nonrelativistic clusters (ȳ0 & 1) to a
different universal shape characteristic for ultrarelativistic clusters (ȳ0  1). We
begin with an analysis of the universal shapes in the two limits.
In the nonrelativistic limit we carry out the analysis as outlined in Sec. 3.3.1
and using the inverse function r̃(ε̃F), which transforms Eqs. (3.3.30) for Dσ = 1,
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Figure 3.3.2: Cluster radius versus cluster size plotted logarithmically. The dotted
line represents the (nonrelativistic) power law r̄0 ∼ N̄1/3 and the dashed line the
(ultrarelativistic) asymptote r̄0 → π/2.








r̃(ε̃0) = 0, r̃
































= 1.1300 . . . . (3.3.51)
The second integral evaluated with the values (3.3.51) substituted is expressible
as a hypergeometric function as follows:



















The analysis in the ultrarelativistic limit as discussed in Sec. 3.3.2 for the general
case is much simpler in this case. Equations (3.3.39) reduce to
p̂′′F + p̂F = 0, p̂
′
F(0) = 0, p̂F(r̂0) = 0,
∫ r̂0
0
dr̂ p̂F(r̂) = 1, (3.3.53)
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and has the solution [26],




The universal density profiles inferred from (3.3.52) in the nonrelativistic limit
and from (3.3.54) in the ultrarelativistic limit are shown dashed in Figs. 3.3.3(a)
and (b), respectively. In order to demonstrate the crossover of the general density
profile as calculated from (3.3.47) between the two universal profiles we use the
rescaling schemes (3.3.33) in the nonrelativistic regime and (3.3.41) in the ultra-
relativistic regime. The solid curves in Fig. 3.3.3 show evidence that convergence
toward universal profiles takes place in both regimes.




































Figure 3.3.3: Scaled density profiles of the relativistic FD gas in Dσ = 1, D = 1
and T = 0: (a) near the nonrelativistic limit, (b) near the ultrarelativistic limit.
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3.3.4 Relativistic density profiles in Dσ = 1, D = 2
Here we investigate the shape of the scaled density profile,
ρ̄v(r̄) = ȳ
2(r̄)− 1, (3.3.55)
as determined by the solution of the ODE,
ȳ′′ + ȳ2 − 1 = 0, ȳ(0) = ȳ0 > 1, ȳ′(0) = 0. (3.3.56)
A numerical solution is readily found. It is a unique, monotonically decreasing
function across the interval 0 ≤ r̄ ≤ r̄0, where ȳ(r̄0) = 1, implying ρ̄v(r̄0) = 0. The












Two density profiles determined in this manner are shown in Fig. 3.3.4. This is the
default method for the calculation of density profiles. It uses the initial condition
ȳ0 > 1 as a parameter. The cluster radius r̄0 and the cluster size N̄ are then
functions of this parameter.

















Figure 3.3.4: Scaled density profile of relativistic FD gas in Dσ = 1, D = 2 and
T = 0. Initial condition: ȳ(0) = 2.0, 1.5. Cluster radius: r̄0 = 0.931, 1.009.
It is again possible to move one step closer to an analytic solution of (3.3.55)





(r̄′)3 = 0, r̄(ȳ0) = 0, r̄
′(ȳ0) = −∞, (3.3.58)
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ȳ30 − 3ȳ0 − ȳ3 + 3ȳ
, (3.3.59)














We again calculate the dependence of (scaled) cluster radius r̄0 on the scaled num-
ber N̄ of particles in the cluster, a measure of cluster size. A logarithmic plot of
that dependence is shown in Fig. 3.3.5. It confirms the presence of an asymptote
(I2.60) in the nonrelativistic regime and predicts a power-law shrinking of cluster
radius, r̄0 ∼ N̄−1/3, in the ultrarelativistic limit.













Figure 3.3.5: Cluster radius versus cluster size plotted logarithmically. The dashed
line predicts the (ultrarelativistic) power law r̄0 ∼ N̄−1/3 and the dotted line the
(nonrelativistic) asymptote r̄0  0.11.
Serendipitously, an analytic solution has been found for the integral (3.3.60)










yielding the explicit solution,






of the ODE (3.3.56).
As a prelude to showing how the shape of the density profile crosses over from
one universal shape characteristic for nonrelativistic clusters (ȳ0 & 1) to a different
universal shape characteristic for ultrarelativistic clusters (ȳ0  1) we again begin
with an analysis of the universal shapes in the two limits. In this case, it is the
nonrelativistic limit for which the analysis is simple. Equations (3.3.30) reduce to
ε̃′′F + 2ε̃F = 0, ε̃
′
F(0) = 0, ε̃F(r̃0) = 0,
∫ r̃0
0
dr̃ 2ε̃F(r̃) = 1, (3.3.64)












For the analysis of the ultrarelativistic we use the inverse function r̂(p̂F), which








r̂(p̂0) = 0, r̂



























= 1.6051 . . . . (3.3.68)
The second integral evaluated with the values (3.3.68) substituted is expressible
as a hypergeometric function as follows:

















The universal density profiles inferred from (3.3.65) in the nonrelativistic limit
and from (3.3.69) in the ultrarelativistic limit are shown dashed in Figs. 3.3.6(a)
and (b), respectively. In order to demonstrate the crossover of the general density
profile as calculated from (3.3.60) between the two universal profiles we use the
rescaling schemes (3.3.33) in the nonrelativistic regime and (3.3.41) in the ultra-
relativistic regime. The solid curves in Fig. 3.3.6 show evidence that convergence
toward universal profiles takes place in both regimes.
3.3.5 Relativistic density profiles in Dσ = 1, D = 3











= 0, ȳ(0) = ȳ0 > 1, ȳ
′(0) = 0. (3.3.71)
A numerical solution is readily found. It is a unique, monotonically decreasing
function across the interval 0 ≤ r̄ ≤ r̄0, where ȳ(r̄0) = 1, implying ρ̄v(r̄0) = 0. The














































Figure 3.3.6: Scaled density profiles of the relativistic FD gas in Dσ = 1, D = 2
and T = 0: (a) near the nonrelativistic limit, (b) near the ultrarelativistic limit.
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Two density profiles determined in this manner are shown in Fig. 3.3.7. This is the
default method for the calculation of density profiles. It uses the initial condition
ȳ0 > 1 as a parameter. The cluster radius r̄0 and the cluster size N̄ are then
functions of this parameter.
















Figure 3.3.7: Scaled density profile of relativistic FD gas in Dσ = 1, D = 3 and
T = 0. Initial condition: ȳ(0) = 2.0, 1.5. Cluster radius: r̄0 = 0.749, 1.006.
One step closer to an analytic solution of (3.3.70) can be taken if we transform
the ODE (3.3.71) into the (effectively first-order) ODE,
r̄′′ − (ȳ2 − 1)3/2 (r̄′)3 = 0, r̄(ȳ0) = 0, r̄′(ȳ0) = −∞, (3.3.73)
for the inverse function r̄(ȳ). The first integral is obtained analytically, via sepa-


























dȳ(ȳ2 − 1)3/2 r̄′(ȳ). (3.3.76)
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With these pieces in place we can calculate the dependence of (scaled) cluster
radius r̄0 on the scaled number N̄ of particles in the cluster, a measure of cluster
size. A logarithmic plot of the dependence of (scaled) cluster radius r̄0 on the
scaled number N̄ of particles in the cluster is shown in Fig. 3.3.8. It confirms the
power-law dependence (Sec. 1.2.6) worked out earlier for the nonrelativistic regime
and predicts a different power-law dependence in the ultrarelativistic limit. The
cluster size shrinks with increasing mass across the board. The rate of shrinking
accelerates as relativistic effects become more important.











Figure 3.3.8: Cluster radius versus cluster size plotted logarithmically. The dashed
line predicts the (ultrarelativistic) power law r̄0 ∼ N̄−1/2 and the dotted line
confirms the (nonrelativistic) power law r̄0 ∼ N̄−1/5.
We again begin with an analysis of the universal shapes in the nonrelativisitic
and ultrarelativistic limits and then show how the shape of the density profile
crosses over from one universal shape to a different universal shape.
In the nonrelativistic limit we carry out the analysis using the inverse function







r̃(ε̃0) = 0, r̃
























= 1.06157 . . . . (3.3.79)
The second integral evaluated with the values (3.3.79) substituted is expressible
as a hypergeometric function as follows:



















For the analysis of the ultrarelativistic we use the inverse function r̂(p̂F), which








r̂(p̂0) = 0, r̂















Implementation of (3.3.81b) then yields,
p̂0 = 2





= 1.55908 . . . . (3.3.83)
The second integral evaluated with the values (3.3.83) substituted is expressible
as a hypergeometric function as follows:















The universal density profiles inferred from (3.3.80) in the nonrelativistic limit
and from (3.3.84) in the ultrarelativistic limit are shown dashed in Figs. 3.3.9(a)
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Figure 3.3.9: Scaled density profiles of the relativistic FD gas in Dσ = 1, D = 3
and T = 0: (a) near the nonrelativistic limit, (b) near the ultrarelativistic limit.
and (b), respectively. In order to demonstrate the crossover of the general density
profile as calculated from (3.3.75) between the two universal profiles we use the
rescaling schemes (3.3.33) in the nonrelativistic regime and (3.3.41) in the ultra-
relativistic regime. The solid curves in Fig. 3.3.9 show evidence that convergence
toward universal profiles takes place in both regimes.
3.3.6 Relativistic density profiles in Dσ = 2, D = 2
Here we investigate the shape of the scaled density profile,
ρ̄v(r̄) = ȳ
2(r̄)− 1, (3.3.85)




ȳ′ + ȳ2 − 1 = 0, ȳ(0) = ȳ0 > 1, ȳ′(0) = 0. (3.3.86)
A numerical solution is readily found. It is a unique, monotonically decreasing
function across the interval 0 ≤ r̄ ≤ r̄0, where ȳ(r̄0) = 1. Hence r̄0 is the cluster












Two density profiles determined in this manner are shown in Fig. 3.3.10. This
is the default method for the calculation of density profiles. It uses the initial
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condition ȳ0 > 1 as a parameter. The cluster radius r̄0 and the cluster size N̄ are
then functions of this parameter.

















Figure 3.3.10: Scaled density profile of relativistic FD gas in Dσ = 2, D = 2 and
T = 0. Initial condition: ȳ(0) = 2.0, 1.5. Cluster radius: r̄0 = 1.460, 1.566.
We have determined numerical solutions of (3.3.86) over a large range of initial
conditions and calculated the cluster radius r̄0 and the cluster size N̄ for each
solution. In Fig. 3.3.11 we logarithmically plot the two quantities against each
other. In agreement with earlier results, the cluster radius approaches a value that
is independent of the number of particles in the nonrelativistic limit. However, with
increasing cluster size, relativistic effects become non-negligible. The consequence
is that the cluster radius begins to shrink. Our numerical analysis suggests that
the dependence of cluster radius on the number of particles turns into a power law,
r̄0 ∼ N̄−1/2, asymptotically in the ultrarelativistic limit.




ε̃′F + 2ε̃F = 0, ε̃
′
F(0) = 0, ε̃F(r̃0) = 0,
∫ r̃0
0
dr̃ r̃[2ε̃F(r̃)] = 1, (3.3.88)
to get the universal profile in scaled variables. The (well-known) solution is ex-





, r̃0 = 1.70047 . . . , ε̃0 = 0.80098 . . . (3.3.89)
The universal profile in different scaled variables for the ultrarelativistic limit
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Figure 3.3.11: Cluster radius versus cluster size plotted logarithmically. The
dashed line predicts the (ultrarelativistic) power law r̄0 ∼ N̄−1/2 and the dotted
line confirms the (nonrelativistic) asymptote r̄0  1.70047.
































Figure 3.3.12: Scaled density profiles of the relativistic FD gas in Dσ = 2, D = 2
and T = 0: (a) near the nonrelativistic limit, (b) near the ultrarelativistic limit.






F = 0, p̂
′




2 = 1, (3.3.90)
The numerical solution has momentum p̂F(0) = 1.08067 at the center of the cluster
and the cluster has radius r̂0 = 2.81017.
These universal profiles are shown as dashed curves in Figs 3.3.12(a) and
(b) for the nonrelativistic and ultrarelativistic limits, respectively, using different
scaled variables. The solid curves in both panels are solutions of the relativistic
ODE (3.3.86) appropriately rescaled as indicated in (3.3.33) and (3.3.41).
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3.3.7 Relativistic density profiles in Dσ = 2, D = 3














= 0, ȳ(0) = ȳ0 > 1, ȳ
′(0) = 0. (3.3.92)
A numerical solution is readily found. It is a unique, monotonically decreasing
function across the interval 0 ≤ r̄ ≤ r̄0, where ȳ(r̄0) = 1, implying ρ̄v(r̄0) = 0. The












Two density profiles determined in this manner are shown in Fig. 3.3.13. This
is the default method for the calculation of density profiles. It uses the initial
condition ȳ0 > 1 as a parameter. The cluster radius r̄0 and the cluster size N̄ are
then functions of this parameter.
















Figure 3.3.13: Scaled density profile of relativistic FD gas in Dσ = 2, D = 3 and
T = 0. Initial condition: ȳ(0) = 2.0, 1.5. Cluster radius: r̄0 = 1.257, 1.658.
We have determined numerical solutions of (3.3.91) over a large range of ini-
tial conditions and calculated the cluster radius r̄0 and the cluster size N̄ for each
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solution. In Fig. 3.3.14 we logarithmically plot the two quantities against each
other. In agreement with earlier results for the nonrelativistic FD gas, the clus-
ter radius has a power-law dependence, r̄0 ∼ N̄−1/4, on the number of particles,
asymptotically for small N̄ . With increasing cluster size, relativistic effects be-
come non-negligible. The consequence is that the dependence of cluster radius on
number of particles crosses over to a different power law, r̄0 ∼ N̄−1, that holds in
the ultrarelativistic regime.














Figure 3.3.14: Cluster radius versus cluster size plotted logarithmically. The
dashed line predicts the (ultrarelativistic) power law r̄0 ∼ N̄−1 and the dotted
line confirms the (nonrelativistic) power law r̄0 ∼ N̄−1/4.











to get the universal profile in scaled variables. The numerical solution has energy
ε̃F(0) = 0.94241 at the center of the cluster and the cluster has radius r̃0 = 1.5979.
The universal profile in different scaled variables for the ultrarelativistic limit






F = 0, p̂
′




3 = 1, (3.3.95)
The numerical solution has momentum p̂F(0) = 1.351135 at the center of the
cluster and the cluster has radius r̂0 = 2.466659.
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Figure 3.3.15: Scaled density profiles of the relativistic FD gas in Dσ = 2, D = 3
and T = 0: (a) near the nonrelativistic limit, (b) near the ultrarelativistic limit.
These universal profiles are shown as dashed curves in Figs 3.3.15(a) and
(b) for the nonrelativistic and ultrarelativistic limits, respectively, using different
scaled variables. The solid curves in both panels are solutions of the relativistic
ODE (3.3.86) appropriately rescaled as indicated in (3.3.33) and (3.3.41).
3.3.8 Relativistic density profiles in Dσ = 3, D = 3














= 0, ȳ(0) = ȳ0 > 1, ȳ
′(0) = 0. (3.3.97)
A numerical solution is readily found. It is a unique, monotonically decreasing
function across the interval 0 ≤ r̄ ≤ r̄0, where ȳ(r̄0) = 1. Hence r̄0 is the cluster












Two density profiles determined in this manner are shown in Fig. 3.3.16. This
is the default method for the calculation of density profiles. It uses the initial
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condition ȳ0 > 1 as a parameter. The cluster radius r̄0 and the cluster size N̄ are
then functions of this parameter.
















Figure 3.3.16: Scaled density profile of relativistic FD gas in Dσ1, D = 3 and
T = 0. Initial condition: ȳ(0) = 2.0, 1.5. Cluster radius: r̄0 = 1.820, 2.347.
We have determined numerical solutions of (3.3.96) over a large range of ini-
tial conditions and calculated the cluster radius r̄0 and the cluster size N̄ for each
solution. In Fig. 3.3.17 we logarithmically plot the two quantities against each
other. In agreement with earlier results for the nonrelativistic FD gas, the clus-
ter radius has a power-law dependence, r̄0 ∼ N̄−1/3, on the number of particles,
asymptotically for small N̄ .
With increasing cluster size, relativistic effects become non-negligible and then
dominant. The consequence is that N̄ reaches the Chandrasekhar limit, marked
(approximately) by the vertical dashed line. We have seen the phenomenon that
the cluster radius shrinks as as the mass increases already in previous cases. What
is new in this case is that zero radius is realized for a finite mass.











to get the universal profile in scaled variables. The numerical) solution has energy
ε̃F(0) = 0.528293 at the center of the cluster and the cluster has radius r̃0 =
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Figure 3.3.17: Cluster radius versus cluster size plotted logarithmically. The ver-
tical dashed line confirms Chandrasekhar limit of the relativistic FD cluster and
the dotted line confirms the (nonrelativistic) power law r̄0 ∼ N̄−1/3.
2.54828. This universal profile in the nonrelativistic limit is shown as dashed
curve in Fig 3.3.18(a). The solid curves are solutions of the relativistic ODE
(3.3.97) appropriately rescaled as indicated in (3.3.33).
In the ultrarelativistic limit, the scale transformation (3.3.41) used in all pre-
vious cases is not applicable. The ODE for p̄F and the associated boundary con-






F = 0, p̄
′




3 = N̄ . (3.3.100)
These four equations are invariant under the scale transformation that divides the

































Figure 3.3.18: Scaled density profiles of the relativistic FD gas in Dσ = 3, D = 3
and T = 0: (a) near the nonrelativistic limit, (b) near the ultrarelativistic limit.
Note the special scaling in the ultrarelativistic limit.
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Fermi momentum p̄F by any constant x > 0 and multiplies the radius r̄ by the








= r̄ p̄F(0), (3.3.101)
leads to a universal profile, for the ultrarelativisitic FD cluster in Dσ = 3, D = 3.






F = 0, p̂
′
F(0) = 0, p̂F(0) = 1, (3.3.102)





3 = N̄lim. (3.3.103)
These values turn out to be,
r̂0 = 6.89685 . . . , N̄lim = 2.01824 . . . (3.3.104)
The universal profile thus understood is shown as dashed line in Fig. 3.3.18(b).
In order to examine how profiles for relativistic clusters calculated from (3.3.96)-
(3.3.98) approach the universal shape in the Chandrasekhar limit, we include curves
for ρ̄v(ȳ0r̄)/ȳ
3
0 versus ȳ0r̄ as solid curves for selected values of ȳ0 in Fig. 3.3.18(b).
How is the ultrarelativisitc limit to be interpreted correctly? Starting from a
very small cluster and adding matter gradually changes the shape of the profile
in multiple stages. Initially, within the nonrelativistic regime, the shape of the
profile barely changes but the cluster radius decreases with the number of particles
according to the power law, r̄0 ∼ N̄−1/3.
As more particles are added to the cluster, relativistic effects become impor-
tant. The density profile now changes shape in a way that cannot be described
by rescaling. The radius of the cluster gradually begins to shrinks more rapidly,
heading toward zero as N̄ → 2.01824 . . ..
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In the ultrarelativistic limit, however, where the cluster radius has reached
zero and the Fermi momentum at the center of the cluster has reached infinity,
this macrostate loses its uniqueness as a solution of the ODE (3.3.100) by virtue
of the scale transformation (3.3.101), which leaves N̄lim invariant. What the conse-
quences are requires that we compare the gravitational self-energies of the infinitely
many solutions. The evidence is that the free energy is a monotonically increasing
function of r̄0, implying that stability belongs to the collapsed state.
Unlike in all previous cases, the universal profile for the ultrarelativistic clus-
ter in Dσ = D = 3, pertains to a single mass, namely the critcal mass. The
universal profile represents a one-parameter family of profiles that represent the
same solution of the ODE for the Fermi momentum. The solutions only differ in
free-energy.
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3.3.9 Relativistic density profiles in Dσ = 3, D = 4, 5, 6
A systematic trend observed in the cases considered thus far has been the
following. When we increase the dimensionality D of the space in a system of given
symmetry Dσ, the capacity of the Pauli principle to produce sufficient pressure
to stabilize a cluster of increasing size at a nonzero radius becomes increasingly
precarious. In the case of clusters with spherical symmetry, Dσ = 3, we have
found that in dimension D = 3 stable clusters with nonzero radius are limited in
mass. As particles are added to a cluster of macroscopic mass but well within
the nonrelativistic regime, the radius of the cluster shrinks at the rate r̄0 ∼ N̄−1/3.
This rate accelerates continually as relativistic effects become relevant. The cluster
radius becomes zero when the total mass reaches the threshold value, mtot →
NlimM . This limiting mass or the (scaled) limiting value N̄lim of the number of
particles, stated in (3.3.104), is reached in the ultrarelativistic limit, meaning that
the Fermi momentum has grown to infinity.
If this trend persists, we can expect that for spherically symmetric cluster in
D > 3 dimensions the critical mass is reached while the Fermi momentum is still
finite. How does this expectation play out and what is the correct interpretation of
the results that emerge from this investigation? Consider the case Dσ = 3, D = 4.








= 0, ȳ(0) = ȳ0 > 1, ȳ
′(0) = 0, (3.3.105)












Then we (logarithmically) plot the cluster radius r̄0 versus cluster size N̄ , using
the initial condition ȳ0 as a parameter. The result is shown in Fig. 3.3.19, which
bears out our expectations in a way that might have been expected.
215













Figure 3.3.19: Cluster radius versus cluster size plotted logarithmically. The
dashed line confirms the (ultrarelativistic) power law r̄0 ∼ N̄3 inferred from (3.3.32)
and the dotted line the (nonrelativistic) power law r̄0 ∼ N̄−1 inferred from (3.3.40).
Adding particles to a cluster small enough to be well within the nonrelativistic
regime makes the cluster radius shrink. The cluster radius and the cluster size are
related by the power law, r̄0 ∼ N̄−1. In the ultrarelativistic regime, on the other
hand, adding particles has the opposite effect: the cluster radius increases accord-
ing to the power-law, r̄0 ∼ N̄3. There is a crossover between the two asymptotic
power laws, as shown by the curve in Fig. 3.3.19. This crossover implies again a
maximum value for the cluster size, but now realized in a cluster with finite radius
and a Fermi momentum at the center of the cluster that is finite as well:
r̄0 ' 1.28, N̄lim ' 0.787, p̄F(0) ' 1.31. (3.3.107)
Mathematically speaking, we now have two solutions for clusters of subcritical
size, N̄ < N̄lim, one solution for the cluster of critical size, and no solution for
more massive clusters. The existence of two solutions for clusters of the same
mass is a new feature, not seen in any of the previous T = 0 cases. It calls for a
stability analysis and comparison of gravitational self-energy. The likely conclusion
is that the upper branch is stable and the lower branch unstable. When mass is
added quasistatically, the cluster gradually contracts and then suffers an abrupt
gravitational collapse as N̄ reaches the threshold N̄lim. At that point, the Fermi
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momentum is finite and the cluster radius nonzero. The case Dσ = 3, D = 5 is
expected to produce qualitatively similar results.
When we increase the dimensionality of the space in which the spherical cluster
is placed to D = 6 then the we have a situation akin to that of the ultrarelativistic




ε̄′F + [2 ε̄F]




3 = N̄ .
(3.3.108)
This ODE and its integral condition are invariant under the scale transformation
that divides the Fermi energy ε̄F by any x > 0 and multiplies the radius r̄ by the








= r̄ ε̄F(0), (3.3.109)
leads to a universal profile, for the nonrelativisitic FD cluster in Dσ = 3, D = 6.




ε̂′F + [2 ε̂F]
3 = 0, ε̂′F(0) = 0, ε̂F(0) = 1, (3.3.110)





3 = N̄ . (3.3.111)
These values turn out to be,
r̂0 = 2.4384 . . . , N̄ = 0.713552 . . . (3.3.112)
The universal profile thus understood is shown in Fig. 3.3.20(a). There are in-
finitely many solutions with different cluster radii and Fermi momenta. In all
likelihood, the collapsed state has the lowest free energy.
Interestingly, a very similar state of affairs is realized in a system of lower
dimension but higher symmetry, namely in Dσ = 4, D = 4. In this case the
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Figure 3.3.20: Universal scaled density profiles of the nonrelativistic FD gas at
T = 0 (a) in Dσ = 3, D = 3 and (b) in Dσ = 4, D = 4




ε̄′F + [2 ε̄F]




2 = N̄ .
(3.3.113)
This ODE and its integral condition are invariant under the scale transformation
that divides the Fermi energy ε̄F by any x > 0 and multiplies the radius r̄ by the








= r̄ ε̄F(0), (3.3.114)
leads to a universal profile, for the nonrelativisitic FD cluster in Dσ = 4, D = 4.




ε̂′F + [2 ε̂F]
2 = 0, ε̂′F(0) = 0, ε̂F(0) = 1, (3.3.115)





2 = N̄ . (3.3.116)
These values turn out to be,
r̂0 = 3.17325 . . . , N̄ = 2.80455 . . . (3.3.117)
The universal profile thus understood is shown in Fig. 3.3.20(b).
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The FD functions fn(z) are known, in the mathematical literature, as cases
of the polylogarithm function Lin(z):




















, f1(z) = ln(1 + z), f∞(z) = z. (A.1.3)
Recurrence relation:
zf ′n(z) = fn−1(z), n ≥ 1. (A.1.4)
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n = 0, 1/2, ..., 5/2
A.2 Bose-Einstein functions
The BE functions gn(z) are known, in the mathematical literature, as cases
of the polylogarithm function Lin(z):







































zg′n(z) = gn−1(z), n ≥ 1. (A.2.5)
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Singularity at z = 1 for non-integer n:





ζ(n− `)α`, α .= − ln z. (A.2.6)













n = 0, 1/2, ..., 5/2
A.3 Relativistic Fermi-Dirac functions
Definition of the RFD functions:






















n+1(z, α) = F
(D)
n (z, α) +
α
2
(D/2− 1)F (D−1)n+1 (z, α) (A.3.2)
Asymptotic expansion for z  1:
The asymptotic expansion for our RFD functions for z  1 can be obtained
through the use of Sommerfeld’s Lemma (proved in [1], p.389-91 ), which states∫ ∞
0
dx




















where ζ(k) is the Riemann zeta function.
We can express our RFD functions, F
(D)
n (z, α), in the form of (A.3.3) if we


























Here, 2F1 is a hypergeometric function of a certain kind which takes the four
arguments to its right and is defined by















It is also useful to note the differentiation formula for these functions.
dm
dzm
2F1(a, b; c; z) =
(a)m(b)m
(c)m
2F1(a+m, b+m; c+m; z) (A.3.9)


















We can now use either equation (A.3.6) or (A.3.10) with x = log(z) in the
r.h.s of (A.3.3) to obtain the asymptotic form of (A.3.1)
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APPENDIX B
B.1 Virial theorem generalized to Dσ ≤ D
Below we endeavor to develop an expression for the virial theorem for clusters
whose symmetry is less than their spatial dimension. An expression for the virial
theorem which accommodates different spatial dimension has been developed in [1].
The proceeding derivation utilizes the same techniques but we seek to include the
possibility of reduced symmetry. To begin, we define the virial of the gravitational
force as
VDσ ,D = m
∫
ρv r · ∇Φdv , (B.1.1)







































where M̃ is the total mass and is defined as M̃
.
= M̃(R). When Dσ 6= 2 we can






























































where we make use of the Newton-Poisson equation, ∆Φ = ADGDmρv, in the first















, Dσ 6= 2 (B.1.10)
where we have taken Φ = 0 at infinity for Dσ > 2 and Φ = 0 at the origin for
clusters with planar symmetry. Substituting (B.1.9) and (B.1.10) into (B.1.8c) we
obtain the following expression for the potential energy

















Upon comparison with (B.1.7) we see that
VDσ ,D = −(Dσ − 2)W . (B.1.12)
If we now consider that the cluster is hydrostatic equilibrium so that
∇p = −mρv∇Φ , (B.1.13)
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which after integrating by parts we find that
VDσ ,D = −ADσLD−DσRDσp(R) +DσADσLD−Dσ
∫ R
0
dr rDσ−1p(r) . (B.1.15)





U − VDσ ,D = ADσLD−DσRDσp(R) , Dσ 6= 2 (B.1.16)






D−2R2p(R) , Dσ = 2 (B.1.17)




[1] P.-H. Chavanis and C. Sire, “Anomalous diffusion and collapse of self-
gravitating langevin particles in D dimensions,” Phys. Rev. E, vol. 69, 2004.
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APPENDIX C
C.1 Energy of n = D/2 polytropes
Gaseous polytropes are characterized by an equation of state in which the
pressure is proportional to the density as follows
p ∝ ργ , γ = 1 + 1
n
. (C.1.1)
Below we construct energy expressions for n = D/2 polytropes which are useful
in describing the FD clusters at zero temperature. Our derivation of the energy
closely follows the strategy in [1], however, our expressions will be generalized to
include scenarios where the symmetry and spatial dimension of the cluster are not
necessarily equal.










The gravitational potential, Φ, satisfies the Newton-Poisson equation and condition
of hydrostatic equilibrium through the equations
∆DσΦ = ADGDmρv , ∇p = −mρv∇Φ . (C.1.3)
Before continuing it is convenient to take advantage of the polytopic nature of the
cluster and express the pressure and density via a new relation. Using (C.1.2) or












which can be combined with the condition of hydrostatic equilibrium from (C.1.3)
to obtain













Integrating (C.1.5) then gives the following expression for the potential









The energy of the cluster is the sum of the kinetic energy and the potential energy





p dv , (C.1.7)





ρvΦ dv . (C.1.8)









ρvΦ dv . (C.1.9)
The potential energy can now be written as











where we have substituted Φ(r) for (C.1.6) and integrated over volume while re-
calling N =
∫
ρv dv. We can eliminate the kinetic energy from (C.1.10) by making










D−2R2p(R) , Dσ = 2 . (C.1.11b)
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Upon elimination of U , the potential energy reads
W =
2Dσ
































, Dσ = 2 (C.1.12c)
where we have used Φ(R) = −ADGDM̃/[ADσ(Dσ − 2)RDσ−2] for Dσ 6= 2 and
Φ(R) = 0 when Dσ = 2. Using (C.1.11) and (C.1.12) we can now write an








1− D(Dσ − 2)
2Dσ
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, Dσ = 2 . (C.1.13b)
We note that the above expression for Dσ = 2 is only useful for incomplete poly-
tropes, where (p(R)/ρv(R)) 6= 0, or complete polytropes with D 6= 2. For complete
polytropes, including those where Dσ = D = 2, we derive an alternate expression
for the potential energy. By generalizing the Betti-Ritter formula [2] we can express
the potential energy of complete n = D/2 polytropes as
W =
−Dσ
2Dσ − (D/2 + 1)(Dσ − 2)
ADGDM̃M
ADσ(Dσ − 2)








− (D/2 + 1)ADGDM̃M
16π
, Dσ = 2 (C.1.14b)
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The radial value r0 is the natural confining radius of the cluster where the density
(and pressure) terminates, and we therefore have p(r0)/ρv(r0) = 0. The energy for
the complete polytrope can now be written as
E = −1
2
2Dσ −D(Dσ − 2)
2Dσ − (D/2 + 1)(Dσ − 2)
ADGDM̃M
ADσ(Dσ − 2)rDσ−20










, Dσ = 2 (C.1.15b)
where we have used E = U + W and eliminated the kinetic energy through the
use of the virial theorem (C.1.11).
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